1. BHEIIHUE MEPHEI 1 UBMEPUMbBIE MHO>KECTBA

I[Iycts X — MPOM3BOIBLHOE MHOMKECTBO W 25 — COBOKYITHOCTH BCEX €TI0
TTOJIMHOYKECTB.

1.1. ONPEJAEJEHUE. Orobpaxenue p : 25 — R U {oo} nasnBaerca
sHewneti mepoti Ha X, ecan

1) u(@) =0,

2) uw(A) < 3 u(4;) as mobbix muoxects A, A; € 2% ¢ € N, rakwx,
aro A C | AZfN

1eN

Bropoe ¢BO#CTBO HA3LIBAIOT CBOMCTBOM cuemmoli noayaddumuenocmu

BHEIITHEA Mephl.

1.2. CBOWMCTBO. BremrHsist Mepa Bcerjja MOHOTOHHA, T. €., u(A) <
u(B) mrs Beex muoskects A, B € 2% Takux, uro A C B.

DTO yTBEPXKIEHNE BHITEKAET U3 CBOMCTBA 2 BHEITHEH MepbI, eCJIU MOJI0-
Kuth B = Ay, a A; = 0 ns seex ¢ > 1.

1.3. ITPUMEP. ITlycrs (X, S, ) — MHO)KecTBO ¢ Mepoit. Besikomy MHO-
wecty A € 2% coorsercryer unrerpaibHas Hopma ||xa|| ero xapaxre-
PUCTUYIECKOH (PYHKIHUHU X 4. B cuIy cBOHCTB MHTErpaibHOI HOPMBI COOT-
BETCTBUE

25 3 A ||xall (1.1)
obsaziaer ceoiicrBamu BHerrrel mepbl. (IIPOBEPUTH!)

1.4. TIPUMEP. Ba)XHBIM YaCTHBIM CJIydaeM HpuMepa 7.3 dABJIAeTC
BHelHsAs Mepa Jlebera. Hamomuum, 9410 COBOKYITHOCTH k-MEPHBIX CEIrMeH-
toB B R¥, k > 1, obpasyer npobsamytoca cuctemy. Ecmm T = (ay,by) x
(ag, bo) X -+ - X (ag, by) — k-MepHbIit cerment, To ero k-mepHast mepa Jlebera
k

pasua |T'| = [[(b; —a;). Jleber onpenenns enewnioro mepy |- |e Ha sobom
i=1

nogMHoXKecTBe A eskinzosa npocrpanctsa RF ) k > 1, pasencrsom

\A|e:inf{Z\Ai\ AC UAZ-}, (1.2)
i€EN i€N
rJie HWDKHsIS TpaHb Oepercs mo BeceM obbemnnenusm | J A; k-MepHBbIX cer-

i€EN
MEHTOB A;, comepKammuM MHOKeCTBO A. MoXKHO IpOBEpUTH, UTO BHEITHSIS
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mepa Jlebera |A|, MHOKeCTBA A cOBIAIAET ¢ MHTErPATbHO HOPMOI Xapak-
TepucTHIECKON dyHKINEM X4 MHOKecTBa A. Takum obpasom, |Al. = |Al*
MBI oKaXKeM 9TO COBIAJCHNE B ODIIEM CIIyvae.

1.5. IPEAJTOXKEHUE. [lyers (X, S, ) — MHOMKECTBO ¢ Mepoii. Torma
JIIST BCIKOTO MHOXKecTBa A € 2%
1) cnpaBeInBo paBeHCTBO

al :inf{zu(Ai) LA C UAZ-}, (1.3)
1eN 1eN
rje HUXKHsisl rpaHb bepercst o Bcem nokpeitusiv {A; @ A; € S,i € N}

MHOXKecTBa A cuerHbIME HabOpaMu 3JeMeHTOB u3 S;
2) cymecrByer m3mepuMoe MHO)kectBo B D A takoe, uro u(B) =

Ixall = lxall = 1*(A).

JTOKABATEJIBCTBO. O003HAUNM B 9TOM JOKA3aTEILCTBE MIPABYIO 9aCTh
coorrorenns (1.3) cumposom p.(A). Hamo pokazars, aro

inf sup / on(x) dp = pe(A),

neN
X

rJie B JIEBOW 4acTHU HUXKHSISI TPaHb ODEpeTcs 1Mo BCEM MOHOTOHHO BO3pacTa-
IOIIUM T10CJIE/IOBATEILHOCTSAM HEOTPUIIATE/IBHBIX CTYMEHYATHIX (DYHKITU

TaKUM, 9TO Sup ¢, (x) > x4(z) misg seex z € X.
neN
1) Hna Besikoro mokpoeitust | J A; MHOXKecTBa A ompemesimM mocsieno-
ieN
BATEJIHHOCTD {¢n}, n € N, crymenuarsix QyHKIWIE CIeayommmM 06pa3oM:

n
©n = > X4,- OueBngno ¢, > 0, MOCIEAOBATEIBHOCTD ), MOHOTOHHO
i=1

BO3PACTALT,
supien(a) > xa(e) 1 3 1l =sup [ (o) du
neN ieN nENX

Orciona || xa|l < pe(A), Tak xkax B ompemesnennn po(A) HIKHSSI TDaHb
bepetcs 1Mo Oojiee y3KOMY MHOYKECTBY.

2) HepaBeHcTBO B APYIyIO CTOPOHY JIOCTATOYHO J0KA3aTh B MPETOIO-
xkeunn ||x4|| < oco. @ukcupyem npoussosbioe € > 0. [lo onpegenennio
MHTErpaIbHONR HOPMBI CYIMIECTBYET MOHOTOHHO BO3PACTAIOMIAS MOCICI0BA-
TeJbHOCTD {p, }, n € N, HeoTpUIATENBLHBIX CTYIeHYATHIX (DYHKIUH TaKasl,
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qTo

supon (@) > xa(®) n  sup / ondp = sup lonl] < [xall +e.
n n n
X

Onpegennv MuOo)kectBa A, = {z € X : p,(z) > 1 — e}. Tlo HepaBencTBy
HeOpI116Ba UMeeM OIEHKY
Ixall +e _

1
eAn: An: S— nS—— .
pe(An) = u(An) = Il = 7—llenl T = xall+0(e)

3sech paBeHCTBO (e (Ay) = u(A,) Jerko mpoBepsiercst ¢ yIeToM CTPyKTY-
pbl MHOXKeCTBa A, MHOXKeCTBO A, MpescTaBiMo Kak 00beguHeHne KoHe -
HOI JTM3BIOHKTHON COBOKYIMHOCTH MHOXKECTB n3 S.

Tak Kak mocae0BaTebHOCTD (0, MOHOTOHHO Bo3pacTtaeT, To A, C A, 11,
n € N. VunrhiBas BblllleCKa3aHHbIE CBONCTBRA, MOJIyYacM

Ac(J4 =B, ne(4) < pe(B) < lim p(Ay) < [Ixall + Ofe).

neN

3nech HepaBeHCTBO fie(A) < pe(B) mpoBepsieTcsi HEMOCPECTBEHHO U3
OTIPEJICTCHUST BEJTMIUHBI U, (+): BEJTUIUHA L, (-) MOHOTOHHA OTHOCHTETHHO
BKJOYeHNsT MHOXKecTB. Tem cambiM coBrajenvie p*(A) = ||xa|l = we(A)
JIOKA3aHO.

J171st TPOBEPKH COOTHOIICHNUS fie(B) < nh_g)lo p(A,) cremyer mpuHATH BO

BHUMAHKUE, YTO KaXKJI0e MHOKECTBO A,, siBjisiercst 00beInHeHneM KOHeYHO
JMN3BIOHKTHOW COBOKYIHOCTH deMenToB u3 S. Torma mms maioboro n > 1
nonoiaerne A, 41\ A, MOXKHO IPEICTABUTH B BIJIE OObEINHEHUsT KOHETHOM
N3 BIOHKTHOW COBOKYITHOCTH 3/1eMeHTOB 13 S. OTcrona Mo MHIYKIUA MOYXK-

HO nosiyuuTh npejcrasiesue B = |J A, B Buje obbejunenust He bosee
neN
9eM CYeTHOW JIM3BIOHKTHON COBOKymHOCTH B 3eMenToB n3 S Takoe, 9To

KazKJI0e MHOXKECTBO A,, dBigeTcs oObeuHeHneM KOHeUHOH I3 bIOHKTHOM
COBOKYIHOCTH MuoxkecTB u3 BB. Torma

pe(B) < Y u(T) = lim » " wu(T) = lim p(A,)
TCA

n—oo n—oo
TeB

Tak Kak € — MPON3BOJILHOE MOJIOKHUTEILHOE TUCII0, TO PABEHCTBO || X 4|| =
pe(A) oKazaHo.

OrmernM pazunily B obosHadeHusx: cuMBosi p*(A) obosnauaer BHeI-
HIOI0 Mepy MHOXKecTBa A, B To Bpems kak cnMBoi p(A) obosmataer mepy
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m3MepuMoro Muoxkectsa A. dcwo, aro p*(A) = p(A), ecim MuokectBo A
M3MEPUMO, OTHAKO, TO PABEHCTBO HE MMEET HUKAKOTO CMBICIIA, CJTH MHO-
KecTBO A HEeM3MepUMo. DTO COMIAIEHHe KOHTPACTUPYET C TIPUMEHEeHUeM
cuMBOJTa H JJist BBOAMMO HUKe BHermHeil Mmepbl Xaycmopda, Tak Kak OH
OJIMH U TOT K€ KaK JJIst K3MEPUMOTO0, TaK 1 JJIsT HEM3MEPUMOTO MHOKECTBA.

1.6. ONPEJEJIEHUE. Muoxectso A C X Ha3BIBACTCS [4-U3MEPUMBLM
(usMeEPUMBLM OMHOCUMENLHO MEPVL [ UAU UBMEPUMBLM N0 Kapameodopu),
ecan

p(F) = p(F 0 A)+ p(F\ A)

1111 Bcex MHOXKecTB F' C X,

1.7. BAMEYAHUE. [lockonbKy mist JI0OBIX ABYX MHOMecTB F, A C
X cnpasemmso papercro F = (F N A) U (F \ A), ro B cuiy cuer-
HOH IOJyaIATHBHOCTH BHEILIHEH MepHI i BCEIra BHIITOJHEHO HEePABEHCTBO
p(F) < p(FNA)+ u(F\ A). HosroMy st TOro, ITOOB JOKA3ATH H3Me-
PHUMOCTH MHOXKECTBa A, J0CTATOYHO POBEPUTH BBHITIOJHEHHE HEPABEHCTBA,

p(F) > p(FNA)+ p(F\ A) st eex F C X

1.8. 3ATTAYA. [lokazaTh, UTO BCIKOE MHOYKECTBO HYJIEBOI MephI H3Me-
pumo o Kapareomopu.

HamomunMm, uro muoxkectBo A C X HaA3LIBACTCS J-U3MEpUMbBIM 110 Jle-
Oery, ecim ero xapakTepucruieckasi (PyHKIUS K3MEPUMA.

1.9. TPEAIOKEHUE. [Tycers (X) S, u) — mHOXKecTBO ¢ Mepoii. Toria

1) p-msmepumocrs muoxkecra A C X no Jlebery Bieuer ero mamepu-
mocTh o Kapareonopu;

2) eciim MaO)KecTtBO A C X KOHEYHOH BHENTHEH Mephl M3MEPHMO 10
Kapareogopu, To oHO n3MmepumMo Ttakxke u 1o Jlebery.

JOKABATEJBCTBO. 1) Ilycrs B C X — nponsBosibHOE MHOXKECTBO,
MHTErpajbHas HOPMa XapaKTepUCTHUECKOH (DYHKIMU KOTOPOro KOHEUHA.
[Tokazkem, 9TO J1JIs1 JTHOOOI BO3pACTAIONIEH TTOCIEI0BATEILHOCTH {g;}, 1 €
N, HeoTpuLIATE/IbHBIX U3MEPUMbBIX Ha X (PYHKIUI TaKoii, 4TO

xp(r) < lim g;(z)
1— 00
JJIAd ITOYTHU BCEX ZU, BbITEKaeT COOTHOIIIEeHue
p*(B) < lim [ g;dp.

1—>00
X



JloCTaTOTHO pacCMOTPETh CaIydaii, KOrja mpaBas 9acTh 9TOTO COOTHOIIC-
nus Koueuna. JlefictBuresnnro, momarasg g(z) = lim g;(x), mo Teopeme
1—00

Bernmo JleBu numeem

w'(B) = ol < lgll = [ gdu=tim [ g:du
X X

[Iycrs A — usmepumoe o Jlebery muoxecrso, a F' C X — npon3Bosib-
HOE MHOKECTBO, BHEIHsISI Mepa KOTOPOro KOoHeuHa. Torma st JiioOoro
e > 0 cymecrByer Takasi BO3pacTalolias MOCIeI0BATEILHOCTh HEOTPUIIA-
TEJIbHBIX CTYTeHIaThIX (DYHKIWH @7, 9TO

xr(z) < supyi(z),
leN

Sup/st du < ||xr| +e.
leN

X
OueBuIHO, UTO

/@ld,u:/w-XAdu+/cpl-(1—XA)du.

X X X

Orcrona nmeem
IxF[l +¢& > lim /901 XA dp + lim /901 (1= xa)dp
=00 =00
X X

> |Ixrnall + Ixe\all-

CiejoBaTesibHO, B CHJIY NMPOU3BOJIBLHOCTH € MOJIYIaeM
pHF) 2w (FOA)+p (F\ A)

JIUTsT TIPOU3BOILHOTO MHOXKecTBa F. Takum obpazom, muO)KecTBO A m3me-
pumo 1o Kapareoopu.

2) [ycrs reneph MHOKecTBO A C X MMeerT KOHEUHYIO BHEITHIO Mepy
Jlebera n nuamepumo no Kapareomopu, T. e.

WH(F) = i (F 0 A) 4 1 (F \ A)

Juis Jiroboro muoxkectBa F° C X. U3 npejjioxkenust 1.5 BbITeKaer, 4TO
A C B, e B — p-w3MepnMoe MHOXKeCTBO Takoe, uto u*(A) = p*(B) (Ha-
moMHUM, 910 B — p-uzmepumoe mo Jlebery muoxkectso u u(B) = u*(B)).
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[lomarass F' = B, monyunm p*(B) = p*(A) + p*(B \ A). Crenosatess-
HO, BHeIHsIsT Mepa MHOXKecTBa B\ A pasua nysmo. HanomuuM, aro Besikoe
MHOYKECTBO HYJIeBO# BHemHeil mephr JIebera uamepumo mo Jlebery. Orcrona
BBITEKAET M3MEPUMOCTh 110 Jlebery MHOKecTBa A, TaK KaK OHO OTIHIAETCsT
OT |-M3MEPUMOr0 MHOXKECTBa B JIUIIb HAa MHOXKECTBO MEpPhl HYJIb.

1.10. BAMEYAHUE. Bropoe yTBep»KaeHne JOKa3aHHOTO CITPABEIIHBO
o0

TAKXKe H JIIS CIydasi KOTja Mepa . o-KoHedHa, T. e. X = |J E,, rge
n=1
E,, — usmepumoe muoxkectso u pu(E,) < oo gt siroboro n € N, Jleiicrpu-

respHO, F, n3mepnmo nmo Kapareogopu gist groboro n € N, u 11t 100010
nsmepnmoro no Kapareomopn muoxkecrsa A C X mepeceuenne A N K,
HMeeT KOHe4YHYIO BHelIHIo Mmepy Jlebera. Torma nepeceuennme A N E,
p-m3mepumo mo Jlebery s groboro n € N.  CiegoparennHo, Oyaer -
H3MEPHMBIM TAKXKe W MHOXKeCTBO A, Tak Kak X 4(x) = limxang, (x), rge

XAnE, () — u3mepumast pyHKIHSI.

B kadecTBe dacTHOTO CIydas mpejoxkenns 1.9 momydaem

1.11. TIPEAIOXKEHUE. Ilyern (RF,S* |- |) — mmoxecrso ¢ mepoit
Jlebera. Mnoxxkecrso A C R¥ usmepumo mo Kapareosopn Torga n ToIbKoO
Torja, Korja oHo uamepumo 1o Jlebery.

1.12. ONPEAEJNEHUE. Cewmeiicreo F C 2% nasweiBaercst o-anzebpod,
ecin X € F u F 3aMKHYTO OTHOCUTEJILHO JIOMOJHEHUS U CUETHOTO O0b-
eJIMHEHNS, T. €.,

1) ecim A,B € F,10 A\ B € F,

2)ecin A; € F,i €N 1o |J A; € F.

ieN

Cumpon | | A; ucnonnsyercst jajee jijisi 00beJMHEHUs] U3 HIOHKTHBIX

7
MHOX>KECTB.

1.13. TEOPEMA. Ecin p — Buemmsist Mepa Ha copokynaoct P(X), o
Habop p-m3MepuMbIx 110 Kapareomopn MHOXKeCTB obpas3yeT o-ajareopy.

JTOKA3ATEJIBCTBO. 1) X usmepumo. JleiictBuresbao, mockonbky F N
X=FuF\X=0ruF)=nFnNX)+ uF\X) gua moboro
muoxkectBa F' C X .



2) Ecin A usmepumo, to pononuenne A° = X\ A k A tak:ke u3Mepumo.
B camomM pesie, 11 mpom3BOIbHONO MHOXKecTBa F' C X nuMmeem

p(E NAY) + p(F\ AY) = p(F\ A) + p(F N (A7)
= p(F\A)+ p(FNA) = p(F).

3) Iycrs MuOokecTBa A u B namepumbl. Torma ux o0beuHeHRe TaKKe
n3MepuMo. JleiicTBuTeIbHO,

u(F N (AUB))+u(F\ (AU B))
=u(FN(AUB))+ u(F N (AU B)°)
=u((FNA)U(FNB))+ u(FNA“N BY
=u((FNANBYU(FNANB)U(FNA°NB))+ u(FNAN B
< FNANB)+u(FNANB) 4+ p(FNA“NB) + u(FNA“N B
= u(F N A) + p(FNA°) = p(F).

Orcroa Mo MHAYKIUU MOJIyIaeM, 9TO 00beINHeHe KOHEUHOTO UNCa U3-

MEPUMBIX MHOXKECTB TAKXKe U3MEPUMO.
[Tycts Tenepn muoxkectsa A;, @ € N, namepumbr. [Tokaxkem, 110

M(FmieUNAi) +u(Fm (gAi)c) < u(F).

Bes orpanudenns obmpocTn cuantaeMm, 4to A; — JM3BLIOHKTHAs cUCTEMa,
TAK KaK B TIPOTHBHOM CJIydae MOXKHO DacCMOTpeTh MHOXKecTBa Bj = A; '\
U A4i, Bi = Ay. Torma {B; : j € N} — qusbionkrhas cucrema, mpuiem

Z|<_J| Bj = U Ai. dna moboro n € N nveem
(raUa) afra(Ua))
1eN 1eN
< ,u(Fﬂ QAi) +M(Fm (U Ai)) +,u(Fﬂ (QAZ-)C)
= u(F) +M(Fm (U Ai)) < u(F)+ Z,u(FﬁAZ-).

>n >N

Ocrasnoch nokazarh, uro », u(F N A;) — 0 npu n — oo. [Husi sToro
i>n



n

nokazkeM, 910 » | u(F N A;) < p(F) naa moboro n € N. JleiictBurensHo,

) + w(F N Aj)
FOA) 4+ p((FnA) N Ag) + u((F N AY) N AS)
)+,u(FﬂA2)+u(FﬁACﬂAC)

(B1ech ncmompzosano o, ato w((F N AJ) N A2) = pu(F N As) BBUIY AN3D-
foHKTHOCTH cucreMbl {A; : i € N}).

[To unykipu nosmyaaem Tpedyemoe: pu(F) > Z p(F N A;) nost ioboro

n € N. Orciona > pu(FNA;) — 0npun — oo. CJIe,Il;OBaTeJIbHO

,u(Fﬂ UAZ) —|—,u(Fﬂ (U Ai)c) < u(F)

JUIst iponsBosibHOTO MHOXKecTBa F' C X, CriemoBareibHO, M3MEPUMOCTH

obowenunenns |J A; nokasana.
ieN
Takum obpasom, maMmepumbie o Kapareomopu MHOXKecTBa 00pa3yiorT
o-aJredpy, 94To U TpebOBAJIOCH JI0KA3ATD.

1.14. ONPEAEJEHUE. HeorpunarenbHas (DyHKINs MHOXKECTBA [,
OTIpeJIe/IeHHas Ha HEKOTOpoil o-anrebpe F C 2%, mazpiBaercs cuemmo-
addumuenot pynxyuet; muoscecmsa (uau mepot) na F, ecin

1) u monoronna: m3 A C B, A, B € F, Buirekaer u(A) < u(B);

2) p(L Ai) = X u(A4;) anst moboit cHeTHOH TM3BIOHKTHO! CHCTEMBI

ieN i€N
muoxkects A; € F, 1 € N.

1.15. TEOPEMA (CBOWNCTBA UBMEPUMBIX MHOXKECTB). Ilycrs
p — Bremwsist Mepa Ha copokynnocrn P(X), {A;}, ¢ € N, — nocreso-
BATEJILHOCTD [1-M3MEPUMBIX MHOXKecTB. Torma

0 0
D u(UA) =3 u(4).
i=1 i=1
TaKI/IM o6pa,30M, BHEIIIHASA Mepa, CYECTHO-a/INTUBHA Ha COBOKyHHOCTI/I
,LL—I/ISMepI/IMbIX MHO>KECTB.

2) Ecim Ay C ... C A; C Ajyq..., o lim pu(A4;) = M(U Ai).
1—00 i=1
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3) Ecim Ay D ... D A; D Ajyr ... mpu(A;) < oo jist Hekoroporo l € N,
ro lim p(A;) = ,u(ﬂ Ai).
i=1

1—>00

o0
JTOKA3ATEJIBCTBO. 1) [Monarast B onpenenennn 1.6 F = | | A;, A =
i=1

Aq, nmeem ,u( || Ai) = u(A;) + ,u(|_| Ai). Orciona o MHAYKIUU TOJIY-
i=1 i>1
quM ILL(.|:|1 Ai> = ;/J(Ai) + ,u(|_| Ai) > ;M(Ai) Jutst jioboro n € N.

>n

0. @) n 0. @)
CieoBaTesbHo, ,u(|_| Ai) > lim > u(A;) = >0 p(4).
i=1 n=00 =1 i=1

ObparHOe HEPaBEHCTBO BLITEKAET W3 CBOHCTBA CYETHON MOIya  UTHB-

HOCTH.
00

2) Tockompry |J A; = A1 U (U (Ais1 \ Ai)>, TO M3 TEPBOTO MyHKTA
i=1 i=1

o0 0

creJyer ,LL(U Ai> = (A1) + 30 p(Aisr \ Ai) = zliglo p(A;), aro u Tpebo-
BATOCh. =

3) D10 CBOWCTBO BbITEKAET W3 BTOPOrO MyHKTa, Tak Kak Ay \ A; C
A1\ Aj1 st Beex @ € Numosromy p(Aq)— lim p(A4;) = lim p(A1\4;) =

o o 1—00 1—00
p(U (AN A9)) = u(An) — (N 4).

i=1 i=1

1.16. SBAMEYAHUE. OrMerumMm, 4T0 cBOHcTBA 2 1 3 chOPMYIUPOBAH-
HOJ TEOpeMbI CIIPABCJIHBLI TAKXKE H JIIS CUCTHO-aJUTHBHOH (DyHKIAH
MHOXKecTBa (MephI), ONpPEeeJeHHOH Ha HEKOTOPOi o-ajredpe.

1.17. 3AIAYA. IIpuBecTu KOHTPIPUMEP K TPETHEMY MYHKTY T€OPEMbI
B catydae, Korja yeiosue pu(A;) < 0o He BbinosHeno Hu Jyist kakoro [ € N .

1.18. OnPEAENEHUE. Ilycts (X,d) — merpuueckoe mpoCTPAHCTBO.
MuoxecrBa A, B C X Ha3wnBaOTCS yoaieHHOLMU, ECITN

dist(A, B) = inf{d(z,y) : z € A, y € B} > 0.
z,y

1.19. ONPEAEJEHUE. Bremmuss mepa p addumusha Ha yoaseHHvLr
mmooicecmear, ecnn p(AUB) = p(A)+ p(B) ast ao0bIX ABYX yIAJIEeHHBIX
muoxkects A, B C X

1.20. BAOAYA. IlokazaTh, 9TO BHelIHss Mepa Jlebera agauTuBHA Ha,
yIaJIEHHBIX MHOXKECTBAX.



1.21. KPUTEPUN KAPATEOJOPU. Ilycth X — MeTpmueckoe Ipo-
CTPAHCTBO W BHEIIHSISI MEPa, |4 SIBJISETCS aJHTHBHON Ha yAaJeHHbIX MHO-
>xecrBax. 'Torma p — 6OopeJieBcKasi Mepa, T. €., Bce OOpeJeBCKHe MHO-
>xecTBa p-usMepuMbl mo Kapareomopn. Jpyruvm croBavu, o-airebpa -
H3MEPHUMBIX MHOYKECTB COJEPKHT O-aJreopy 60peleBCKHX MHOYKECTB.

1.22. 3AJAYA. [okazarh obparHoe K TeopeMe 1.21 yTBepxKaeHue:
BCsiKasi OOpeJsieBCKasi Mepa Ha METPHIECKOM IPOCTPAHCTBE X a IHTHBHA
Ha yJIaJeHHBIX MHOYKECTBAX.

JOKABATEJILCTBO. locTtaTodyno joKa3aTh, UTO BCE 3aMKHYTHIE MHO-
XKeCTBa [-H3MepUMbI (TOrJIa JJIst TIPOU3BOIBLHOIO OOPEIEBCKOI0 MHOXKECTBA
3TO yTBEPXKIeHWe cieyer u3 reopembr 1.13).

PaccMmorpum 3aMkHyTOe MHOXKecTBO C' M JIOKAXKeM, UTO JIJIsT BCSIKOTO
MHOXKeCTBa F' cripaBeIInBO HEpaBEHCTBO

p(F) =2 p(FNC) + p(F\C).
Ecnu p(F) = 0o, To HEpaBEHCTBO OueBUIHO. PaccMoTpuM ciydail, Kora

p(F) < oo.
OnpenennM MHOXKECTBA,

Dy = {z € X : dist(z,C) > 1}

1 1

Muoxecrsa D, n € N, obpa3yiorT au3biOHKTHYIO cucremy. OdUeBumgHO,
aro cucreMsl {Dyj}  {Daji1}, j € N, cocrosiT u3 y/JaeHHbIX MHOXKECTB.
Orciona crenyer, uro D; u D; ynanenst, ecin |i — j| > 1.

Hnsg Bcex m € N B custy BKITIOUeHU i

m m
FDFﬂUDQjHFDFﬂUD2j+1

J=0 J=0

1 MOHOTOHHOCTH MeEpPbI CIIpaBEIJINBLI HEPpAaBEHCTBA

p(F) > ,u(Fﬂﬂng) u pu(F) > M(Fﬂ [lDQjH)-

Jj=0 j=0
Hasee, Tak Kak
Fm|_|D2j:|_|(FmD2j) n Fﬂ|_|D2j+1:|_|(FﬂD2j+1),
Jj=0 Jj=0 j=0 j=0
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TO 11O CBOﬁCTBy AJJUTUBHOCTHU MEPLI 4 Ha YAAJIEHHBIX MHOX>KECTBaX IIOJIY-

M(Q(F M D2j)) = i w(F N Dyj)
(|:| F”D2j+1)) = ﬁ:u(FﬂDzm)

0.9]

CnenoBaresbro, psag » . u(F N Dj), @iensl KOTOPOro HEOTPHUIATENbHI,
J=0

CXOJINTCSI, TaK KaK €ro YaCTUYHBIC CyMMBI OTPDAHHYEHBI CBEPXY YHUCIOM

2u(F). -

Teneps 3amernm, aro MuoxkectBa C' u | | D; ynanenst npu jgobom m €
i=0
N. Jlokaxxem, 4To

,u(F)>u((Fﬂ|_|D) FﬂC))_u(FﬂOH—u(FﬂUD)
WFENC)+pu(FNCY) =Y w(FND;). (14)

j>m

Heiicrurenbio, tak kak C°= | | D; = |_| D;uU || Dj, 1o

JjeN 7=0 ji>m

m
u(FNCe) < M(F | | Dj) +3 u(FnDy),
=0 j>m
orkya u ciaeayer (1.4). Bamernum, aro seas dacth (1.1) He 3aBucuT oT M.

[Tockoinbky ocrartok ) u(F N Dj) Moxker GbiTh CleNat CKOJb yrojHO Ma-
>m
JIBIM TIPH TIOJIXOJISATIEM BBIGOPE 1M, TO

u(F) =2 p(FNC)+ p(FNCe).

COBOKYITHOCTH BCEX OOPEJIEBCKMX MHOXKECTB METPHUUYECKOIO MPOCTPAH-
crBa X Oyjiem obosnadars cumposnom B(X).

1.23. TEOPEMA OB UCYEPIIBIBAHUU BOPEJIEBCKUX MHOYKECTB.
IIycrs X — merpuieckoe npocrpanctso u i 2 B(X) — [0,400) — Koreu-
Hasl CYeTHO-aJiuTHBHAsT Mepa. Torma jurst siroboro muoxkectsa A C B(X)
BBIIIOTHSICTCS:

11



(1) u(A) =sup{u(C) : C zamrayro n C C A} u
(2) u(A) = inf{u(C) : C orrpoiro w C D A}.

JTOKABATEJIBCTBO. OnpenennM KJIace MHOXKECTB

F={B:BeB(X), B u B° yuosiersopsior coiicry (1)}.

Bamerum, uTo ecinm MHOXKecTBa B u B¢ yjosaersopsiior cpoiictBy (1),
TO OHU YJIOBJETBOPsIOT U cBoicTBy (2). HeiictBurennro, nycrs u(B) =
sup{u(C) : C 3amknyro u C C B}. Torma B¢ C C°. Ilockonbky Mepa
KOHEUHA U aJJUTUBHA, TO

pu(B¢) = u(X) — u(B) = u(X) — sup{u(C) : C zavmkuyro u C' C B}
= inf{u(A) : A orkpsito u A D B}. (1.5)

Cnyuait ¢ nonosnenneM B¢ paccMaTpuBaeTcs aHAJIOTUIHO.

OueBuHO, UTO BCE 3aMKHYTbIe MHOXKeCTBa yaoBjieTBopsttor (1). Or-
KPBIThIe MHOXKECTBa Tak»Ke yjaosiaersopsitor (1): meficrBurensro, mycrs A
orkpbito. Torna A = |J K, rie MHOXKeCTBO

neN

K, ={z € A:dist(z, A°) > 1/n}
3aMKkHyTO st Bcexn €N, K1 C Ko C...C K, C ..., n

FL(A) = lim M(Kn) = sup N(Kn)

n—oo neN

o Teopeme 1.15. CnenoarenbHo, F COAEP:KUT BCe OTKPBITHIE U 3aMKHY-
Thle MHOKecTBa. Ocrajoch mokasarh, 4To F — o-ajareopa.

1) Hokaxem, uro F — anrebpa, 1. e., eciii By, Bo € F, 10 By U By €
F,BiNBy € Fu B\ By € F. Ina dukcuposanuoro ¢ > 0 Haiigem
Takue 3aMkHyTbIe MHOXKecTBa C7 C By u Cy C By, uro u(B; \ C;) < ¢,
¢ = 1,2. Torma u3 croiicTna (Bl U Bg) \ (Cl U 02) C (B1 \ Cl) U (B2 \ CQ)
cJejryer

p((B1U By) \ (C1U Cy)) < p(Br\ C) + (B2 \ () < 2.

Buauut, obbeunenne By U By yinosierBopsier cBoiictBy (1).
Anasnornuno, u3 ceoiicta (B1N B) \ (C1NCy) C (B \ C1)U (B \ Cy)

oIy yaeM

p((B1N B2) \ (C1NCy)) < pu(Br \ C1) + p(B2 \ C2) < 2e.

12



CreoBaresibHo, nepeceuenune By N By yaoiersopsier cBoiictBy (1).

Hamnee 3amernM, aro (By N By)® = Bf U BS u (B U By)® = Bf N Bs.
Orcioia B cuity JokazaHHOrO MHOXKecTBa (By N By)® = Bf U BS u (By U
By)¢ = B{ N B§ Tak:Ke yI0BIETBOPSIOT CBOICTBY (1).

CnenoBarennsno, BiU By € Fu BN By € F.

[Tockonbky By \ By = By N B u (By \ By)® = Bf U By, 10, B cuiy
BhIIIEI0Ka3aHHor0, By \ By € F.

2) Hokaxem rtenepb, uro F sBisiercst u o-aarebpoii. [lycrs {B;} C
o0

F — npousBoOJibHAs CUETHAs cucTeMa MHOXKecTB, u B = |J B;.
i=1
Bes orpannuennst o6IMIHOCTH MOYXKHO CUUTATh, 9TO {B;} — JIU3BIOHKT-
Has CUCTEMa, TaK KaK B IPOTUBHOM CJIy4ae MOXKHO PACCMOTPETh MHOMKE-
crea A; = B;j \ U Bi, A1 = By. Torma A; — qu3bionkTHAsi cuCTEMA,
i<j
o0 o0
npuuem | | A;j = |J B;.
j=1 i=1
B cuny cuernoit agmurusroctn Mepol p(B) = Y p(B;). [lockombky

Karkji0e u3 MHoxkecTB B; € F, 1o mia Jjioboro ¢ € N cymiecrByer Ttakoe

3aMKHyToe muoxkectso C; C By, uro pu(B; \ Cj) < 5;. Ionaras Dy =

|_| C;, rie N BoiOpano tak, aro Y, u(B;) < €, noaydaem
=1 >N

u(gBi\DN> ZMB\C + ) u(Bi) < 2e.

>N

Tak kak Dy — 3aMKHyTOE MHOXKeCTBO jist Joboro N, To B ynoBieTBo-
pster (1).
Ocraercsa nokaszaTth, uro B¢ ymosaersopsier (1). 3amerum, uro B¢ =
) 9

ﬂ Bf. Omnpenennm s kaxxjgoro BY 3amknyToe muoxkectso F; C Bf

takoe, uro u(Bf \ E;) < . Tonoxkum E = ﬂ FE;. Torga E — 3amkHyTOE

1=1
MHOAECTEO 1 M(( B)NE) < u(UB\E) < Lu(B\ By < ¢
i=1 i=1
[Tostomy () Bf = B¢ ynosnersopsier (1).

i=1
Takum obpazom, Teopema JloKa3aHa.

£
2t"
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1.24. CNEACTBUE. Ecmu mepor p: B(X) — [0,4+00), p1 @ B(X) —
[0, +00) komeunsr u caerno-agguruBabl 0 p(C) = i (C) ams moboro or-
KPBITOrO WJIH 3aMKHYTOro MHOXKecTBa C', TO OHHM COBNAJAlOT Ha BCEX 0O-
DEJIeBCKHX MHOXKECTBAX.

1.25. CJIEAOCTBUE. 3ak/a0YeHHEe TEOPEMbl BEPHO H B CIydae, €CJIH

0

mepa p : B(X) — [0,400) o-koneuna, 1. e. X = |J E,, rge p(E,) <
n=1

oo st sioboro n € N (a Mepa 1pon3BOJHHOIO MHOXKECTBA MOXKET ObITh

beckoneunoii). (JOKAXKUTE!)

2. MEPHI XAVCJOPDA

[Tycrs (X, d) — merpudeckoe npocrpanctso. Ecm A C X 1o ero guamerp

diam A pasen sup{d(z,y) : z,y € A}.
L.y
2.1. ONPEAEJEHUE. st k > 0, 0 € (0,00] u A C X onpesienum

k _wk. . Nk . oq: ] )
H5(A) = ?mf{Z(dlamEl) cdiam F; < 6, A C U EZ},

teN teN

ol

rage W = a HM2KHAA I'PaHb 6epeTC${ IO BCEM CYHETHBLIM HMOKPBITUAM

_m2
L(5+1)
muoxkectsa A. Eciau Muoxkecrso A Hellb3st HOKPBITH CUETHOI COBOKYIIHO-
CTBIO MHOYKECTB yKa3aHHOro Bujia, To nomaraem HE(A) = co. Bennunna

HF(A) = lim HE(A)
0—0
HasbiBaercs (enewnetd) mepoti Xaycdopda muoxkecrsa A.

2.2. 3AMEYAHUE. Tak kak npu 0 < Oy HUXKHSIST TpaHb OEpEeTcst 110
6ostee yskoMy MHOMeCTEY, To HE(A) > ’H’gO(A) H, CJIeOBATEJILHO, BCET/a
CYIIECTBYET MPEIeT

HE(A) = sup HE(A).

6>0

Takum obpazoMm, mepa Xayciaopda ompenesieHa Jiis JIIOOOTO MHOXKECTBA,
AcCX

2.3. TEOPEMA. 'H§ u HF — Bretrne mepbr st sioboro k > 0 u st
Jiroboro § € (0, oo].

Boutee Toro, H* — 6opesreckast Mepa, T. e., Bce 60peeBCKIE MHOKECTBA
H3MEepHMbI OTHOCHTEIbHO BHernHel Mepsr HE.
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JTOKA3ATEJIBCTBO. Boibepem § € (0, 00] u k > 0. Paccmorpum MHO-
xecrBa A C |J A;. @ukcupyem npoumssombroe ¢ > 0. Ilyers {E!},
JEN
i,j € N, — nokpbirue A; cuernsim Habopom muoxkecrs E! takoe, 1ro
£

. i Wi . i
diam E! <§ wu o Z(dlamEf)k < ’HE(AJ-) + %

ieN

nust Beex 4, § € N. Torna copokynmocrs {EY}, 4, j € N, obpasyer cuernoe
MOKphITHE A, U, ClIe0BaTE/HHO,

1k(A4) < % S5 (diam EDF < ST HE(A) + <.

jeN ieN jeN

TaxuMm obpa3oM, ’H’g — BHEIITHssI Mepa B CUJIy MPOU3BOJbHOCTH €. [lo-

CKOJIbKY OYEBHUIHO
k k
Hi(A) <D HA(A),
jEN

TO Hepexoss K npeaery mpu § — 0, mosyuaaem, aro HF — raxoke BHemrHsis
Mepa.

Yro6bl J0Ka3aTh, 9T0 HF — GopeseBcKast Mepa, Mbl JOKAYKEM AT THB-
HOCTH Mepbl HF Ha yIajeHHbIX MHOXKeCTBaX. DBO3bMEM JBa VIAJICHHDBIX

ist(4,B
muoxkecTBa A n B un d < %. [To nokazannOMy nMeeM

H"(AU B) < H*(A) + H"(B).

[Tpeanonoxum, 9To
AuBcl]a
leN
u diamC; < 0. Iycre A = {C;: C;NA# 0} u B={C;: Cin B # 0}

Bamernm, uto AC |J C;, BC | CiuCnNCi=0,ecmun C; € An
j,CjEA 1,C;€B
C; € B. Tlosromy

Y (diamCp)F > Y (diam C))F + Y (diam C;)*.
leN J,CjeA 1,Ci€B
Orcrona nosyuaem, uro HY(A U B) > HE(A) + HE(B), orkyna npu
§ — 0 Berrekaer, uro H¥ ajymrusna Ha yaanenubx MuokecTsax. [lo

kpurepuio Kapareonopu 1.21 noaydaem, 4To Bce DOpesieBCKIe MHOXKECTBa,
HF-u3MepuMbL.
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2.4. TEOPEMA. H* — peryispuas suemmss mepa Bopers, T. e. s
groboro muoxkecra A C X cymecrsyer B € B(X) rakoe, uto B D A n

HF(B) = HF(A).

JTIOKABATEJILCTBO. 3amernm, uto diam C' = diam C gus Bcex C C
X. TTosromy

Wk .

Hi(A) = o 1nf{2(diamq)k :Ac| )G, diamG; <6, C; = U}
ieN teN

BruiGepem A C X takoe, uro H¥(A) < co. Torma HE(A) < oo mna Beex

§ > 0. Jlna xaxaoro [ > 1 seibepem samxuyThie Muoxectsa {C'}, i € N,

TAKUE, UTO

diamC! < 17!, Ac|JC! u % S (diam )" < ML (A) + 17
ieN ieN
Monosxum A; = |J C!' u B = (| A;. Torga B — GopeseBckoe MHOXKECTRO.

ieN leN
Kpowme toro, A C A; mist kaxgoro [ € N u, cienosarennno, A C B. Ilpn

3TOM N .
k : _
HiA(B) < o ) (diam C))" < ML (A) +177
ieN
Verpemnsas | — oo, nomyuaem H¥(B) < HF(A). Tax kak A C B, o,
B cusy monoronnocru, HF¥(A) < H¥(B) u, crnenosarenvno, H¥(B) =

HE(A).
2.5. BAITAYA. Jlokazarh, 910 "H§ — peryJisipHast mepa bopeitsi.

2.6. 3AJIAYA. Jlokazarth, uro ecin Muoxectso A C X HF-uzmepumo u

HF(A) < 0o, To cymecTBytoT Gopesesckie MHoxkectsa D n B takue, 4To
DCACBu#HH¥B\D)=0.

2.7. CBOUCTBA MEPHI XAVCJIOP®A.

1. H° — cunraromas mepa, . e. snadenne H°(A) pasno xommuecTsy
9JIEMEHTOB B MHOXKeCTBe A, eciim OHO KOHeUHOe, W paBHO 00, eciim A —
OECKOHETHOEe MHOXKECTBO.

2. H' = | |* na R, rge | - |* — BHemmnss onnomepHast Mepa Jlebera.

3. H* =0 na R st Becex k > n.

4. H¥(AA) = NHF(A) s moboro A > 0.

5 HF(L(A)) = HF(A) ana mo6oro H30MeTPHIECKOrO 0TOOpasKeHms
L:R"— R".
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JJOKABATEJILCTBO. 1. Bamerum, uro wy = 1. Orcrona moaydaeM,
aro H'({a}) = 1 ana moGoro a € X, T e., H® — cunraiomas mepa.

2. Boibepem A C R u d > 0. Taxk xak 5 = 1, To gua moboro
MOKPBITHST MHOXKECTBa A cueTHO cOBOKyNHOCTHIO MHoxkecTB {C} TaKkoi,
aro diam Cj < § nMeeM HOKPBITHE MHOXKeCTBa A CIeTHOH COBOKYTTHOCTBIO
ognomepubix npomexyrtkos {1; = [inf C}, sup C}]}, npuiem diam C; =
7| = sup C;j — inf C;. Orcrona

" < inf{Z\m A C UC}
1€N 1€N
=inf{ > diamC;: A C [ JCi} = Hj(A).

teN teN

(371eCh HEJIB3sT TOCTABUTH PABEHCTBO, TaK KakK (DOPMAJIBLHO B OTPE/IeJICHIN
pHelHeil Mepbl |A|* yuacTByoT NOKpbITHSI MHOXKeCTBA, A OjlHOMEPHBIMU
TPOMEXKYTKAMHU MTPOU3BOJIBHOM JIJTUHBL. )

C npyroit croponsl, nyctsh |J T — HPOM3BOIbHOE MOKPLITHE MHOXKeE-
JEN
crBa A opHOMepHbIMU ipoMmexyTkamu. [Tomoxum [ = [16/4, (I4+1)6/4), | €
Z. Torga menycroe nepecedenue T; N [; — npomexkyTok, diam(7; N I;) =

T, NG| <6/2<6, T = J(T;NI) n B cuny caeTHOl 8 INTHBHOCTH

leZ
Mepbl
Z diam(T; N I;) = Z T; N I;| = |T;| = diam Tj.
l=—00 [=—00
CiretoBaTesbHO,
= inf{z T;|: A C UT’} 1nf{Zd1amT AC U }
ieN iEN ieN
mf{z Z diam(T;N 1) : AC U }>7—[5 (A).
jeEN I=—00 JjEN

(BamerM, 9TO, KaK 1 B IPEJIbIIYIIEM CJIy9Yae, PABEHCTBO TOCTABUTH HEJIb3s. )
Takum obpaszowm, |A[* = HE(A) aist Beex § > 0 u, ciefosarensho, |Al* =
HY(A) na R.

3. ®@ukcupyeMm HaTypaJbHoe unciao m > 1. Ejguaudnbiii kyd ) B
R" packjiajpiBaercsd Ha m' KyOOB cO cTOpOHAMU % U JnaMeTpaMu %
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[TosTomy
Wi - \/ﬁ k WE &k —k
1k (Q) < X ( ) n—k,
%(Q) — 2k —\m

k
%nﬁm”_k — 0 npy m — oo, ecm kK > n, TO %k(Q) = 0.

CrenoBarennno, B cuity cuernoii nomyammatusnoct, HE(R") = 0.

Tak kak

CnoiicTBa 4 1 5 OYEBUIHBLI: B MEPBOM M3 HUX JUAMETPHI MHOXKECTB U3
MOKPBITUS U3MEHSIOTCA A pa3, BO BTOPOM — HE MEHSIIOTCS.

2.8. JIEMMA. ITycrs A C X u HE(A) = 0 s nexoroporo 0 < § < oo.
Torga H*(A) = 0.

JTOKABATEJILCTBO. YTBepxKjaeHue jeMMbl oueBuiHo ipu k = 0. Ilo-
9TOMY OyJieM cauTaTh, uTo k > 0. @ukcupyem € > 0. Torga cymecTByor
muoxkectsa {C;}, j € N, makue, uto A C |J C; u

jEN
w .
2—,’: (diam C;)F < e.
jEN

B uacrhocTu, jist kaxjoro 7 € N nmeem

=

diam C; < 2(i) = n(e).

Wk
[TosTomy 7—[7];(6)(14) < ¢. Tax xax n(g) — 0 mpu ¢ — 0, To H¥(A) = 0.
2.9. JIEMMA. IIycrb ACXn0<k<t< .
1. Ecin HF(A) < oo, o HI(A) = 0.
2. Ecn HY(A) > 0, o H¥(A) = oo.
JTOKABATEJILCTBO. 1. Tlycrs HE(A) < co. ®uxcupyem § > 0. Torna
cymectsytor muoxkectsa {C;}, j € N, rakue, uro diam C; < §, A C | C}

JEN
41
% (diam C))% < HE(A) + 1 < HE(A) + 1.
JjeEN
[ToaTomy
HL(A) < % Y (diam C;)’
JjEN
_ Wt okt N\ Wk - k(1 t—k — Wtok—tct—k(q/k
=2 jEZN?(dlam(Jj) (diam C;)~F < o2 STR(HR(A) +1).

(2.1)
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Verpemaas § — 0, nomyanm H'(A) = 0. Yreepkaenne 1 mokaszamo.
YTBepKAeHNE 2 BBITEKACT U3 cOOTHOMIeHNs (2.1).

2.10. OPEAENEHUE. Xaycdopposa pazmeprocms muokectBa, A C X
OIIPEIEIISIETCST COOTHOIICHIEM

dimy(A) =inf{s: 0 < s < 0o, H’(A) = 0}.

2.11. BAMEYAHUE. 1. Ilo onpenenenuto pazmepHocTH Xaycaopga U
no gemme 2.9 BugHo, uro s = dimy(A) Torga m TONBKO TOTA, KOTJA
H'(A) = 0 st Beex t > s mw H'(A) = oo urst Beex t < s.

2.12. TEOPEMA (M30JIMAMETPUYECKOE HEPABEHCTBO). Ilycrs
A — npomsposrbHoe m3MepuMoe mMuoxkecTBo B RF . Torma

[Al" < wy (M)k

2

JTOKA3ATEJIBCTBO. MoxkHO mostarath, 9T0 A 3aMKHYTO (HAJI0 TpOBe-
puth, uto diam A = diam A, a |A|* < |A[*) u diam A < co. Qukcupyem
eanunanblil Bektop e € RF. Torua,

R = R];_l D {6}7

riae RE=L — oproronamnnoe gononmenue k e € RE.
O6osznaunm cumpooM = P,(A) mpoexmuio muoxkecrsa A ma RFL,
HaJjee, mycThb
2h(z) = |AN Ly, z € Q,

rie L, — npsiMast, IpoxXoJisiiias Yepes o B HalpaBjeHuu e, a | - | — ojHo-
mepHast Mepa Jlebera. Ilo Teopeme @ybunu nonydaem, ato h(x) uHTErpH-
pyeMa, a, 3HAUNT, U3MEpUMa, 1

2 / h(z)dz = |A|.

(B1ech ucnosbsyercs: uamepumocTh MHOKectBa A. Tlosromy no reopeme

Oybunu umeeM |A|* = [xadz = [dz [ dy=2 [ h(z)dz.)
A Q ANL, Q
PaccMoTpuM MHOXKECTBO

Se(A) ={(z,y) e R xR: z €9, [yl < h(z)}.
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Ouesnnno |Al* = |S.(A)[*: nmeitctBuTenbHO,
A _/dx/ dy_2/ 2) dz = |S.(A)]"
ANL,

BamernM, 9T0 Se(A) CHMMETPHYHO OTHOCHTENILHO HATIPABJICHHUS €.
Hokaxewm, aro diam S,(A) < diam A, nimn

diam S.(A) = sup +/|z — /|2 + (h(z) + h(z'))?

x,x' €N

< sup diam((Ly; NA) U (Ly N A)) = diam A.

x,x' €N

[Tonoxxkum

b=sup(L,NA), a=inf(L, NA),
b =sup(Ly N A), a =inf(Ly N A).

Bes orpanmuenust oOIHOCTY MOXKHO cuuTarTh, 4to b —a' > b — a. Ilo-
CKOJIBKY IO OTIpejiesIeHnio (pbyHKIu h

v —a >2h(z') u b—a>2h(z),

to umeeM b — a’ > h(z) + h(z’) u mosTomy

diam((L, N A)U (Ly N A)) = /|z — 2/|2 + |b — o/|?
> |z — 2|2+ (h(z) + h(z'))2.

Bosbmem oproHopmuposanubiii 6asuc {es, ..., ex} B R* u st Mmoske-

crea A C RF paccmorpnM ero cuMmeTpusaimio
S(A) =S5, 0...05.,(A).

Torna
diam S(A) < diamA wu [S(A)| = |A|.

Kak Obu1o ormedeno Bbiie, Se, (A) cUMMETPHYHO OTHOCHTEILHO Ha-
npassienusi e. Janee, MHOXKeCTBO Se, | © S, (A) cCHMMETPUIHO OTHOCH-
TEJILHO HATPABJICHUS €1 ¥ B HEM COXPAHSIETCSI CHMMETPHsT OTHOCUTEILHO
ex. JeiicTBuTesbHO, CBOHCTBO cMMeTpUK MHOXKeCTBa Se, (A) OTHOCHTEIb-

HO HANpPABJICHUS €, SKBUBAJEHTHO TOMY, YTO €CJIU TOYKA
(X1, enns , Tp—1, %) € Se, (A), 10 (Z1,...,Tk-1, —xk) € Se, (A).
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Otcrona ayra dyHknun b, yIacTByomei B MOCTPOEHUN MHOXKECTBA S, , ©
Se,(A) Ipu e = ej_1 UMeeM CJIeJIyIoIIee CBOHCTBO:

h(:l?l, ey L9, Zlfk) = h(:l?l, ey L9, —:Ek).

CiteioBaTeIbHO, e TOUKA (L1, ..., Tr—2, T—1,Tk) € Se, , © Se, (A), TO
OJJHOBPEMEHHO

(1,...,Th—2, Th—1, —Tk) € Se, , © 5S¢, (A) m
(1, ..., Tk—2, —Tk—1,Tk) € Se,_, © Se, (A).

OTcrona BBIBOIUM
(3717 sy Lh—2y —Lk-1, —Zlfk) € Sek—l © Sek(A)

PaccyKgas mo MHIYKIMH, OKOHIATEILHO TIOAYYAeM, 9TO IIOCTPOCHHOE
MHOXKeCTBO S(A) CHMMETPUYHO OTHOCHTEJIHHO HANPABJICHUH €1, .. ., €e,.
Torga S(A) cuMMETPpUIHO OTHOCHTEJIHHO HaYaJa KOOPAMHAT, U KasKJIOMY
z € S(A) coorsercrByer —z € S(A):

z € S(A) Torma u TonbKO TOTJIA, KOrga  — ¢ € S(A).

Orciona mst moboro z € S(A) nmeem

olz| < diam S(A) n z € B(o, w).
Torna n
diam S(A)
S(A) C B(o, f)

U3 sToro cremyet, 910
diam S(A)x\* diam A\ *
Al = S(A) Swr(T0) w5 )

9TO U TPeOOBAJIOCH JI0KA3ATD.

2.13. TEOPEMA O COBIAJIEHUU MEP JIEBETA I XAYCJIOP®A. /Jlnsa
gioboro B C RF
|B|* = HF (B).

(Bmecs | - |* — Baemmss k-meprast mepa Jlebera.)
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JTOKABATEJILCTBO. Tak Kak obe Mepbl — peryJispHbie Mepbl Boperst
(eM. Teopemy 2.4), TO IOCTATOYHO JOKA3aTh COBIAJEHHE Mep Jisi 6ope-
JIeBCKOTO MHOXKecTBa B. Bynem cuurarh, uro B orpanudeno. Oukcupyem
d > 0wunycrs B C |J By, riie diam B; < § st Beex ¢ € N Torga us

1€EN
M30/IMaMeTPUIECKOr0 HepaBEHCTBA NMEEeM
Wi .
< E |B;|" < = g (dlamBi)k
2k
i€EN 1€EN
Orciojia, nepexojis K HUXKHEH IPaHi [0 BCEM MOKPLITHUSM, [TOJIYYaeM
* k
|B|* < Hi(B)
1, CJIeJIOBATENILHO,
Bl < H*(B).

JlokaxkeM Tenepb HEepaBeHCTBO B 0OPATHYIO CTOpOHY. Bbuibepem oTKpbI-
Toe MmEOXKecTBO A D B u § > 0. Onpegennm cucremy

F ={B(z,r):x € B, B(z,r) C A, 2r <}

3aMKHYTBIX IIapOB, 00pas3yionux MokpbiTue Butaan muoxecrsa B. Ilo
Teopeme BuTajaum MOXKHO BbIOpaTh He DOjiee UeM CUYETHYIO JU3BIOHKTHYIO
nogcucremy {B(z;, 1)} = {B;} makyo, uro |E|* =0, rue

E =B\ | JB(=i,m).

ieN
[Toaromy nmeem
1EN 1€N
<22k o)+ HE(E) = |Bi| + HE(E) < |A| + HE(E).
1€EN 1eN

Orciona H¥(B) < |A| u, crenoaremsno, H¥(B) < |B|*, mockombky
HE(E) = 0 (IPOBEPUTHB!) u |B|* = inf{|A| : A orkpbito u B C A} B
cuIy peryjiasipHoct mepsbl Jlebera.

Takum obpasom, |B|* = H*(B).

2.14. SAMEYAHUE. U3 reopemnbr 2.13 BhITEKaeT, 9TO €CJIM B TPOCTPaH-
cree R¥ ¢purcnposana esxmzgoa mMerpuka | - |5, To dimy (RF) = k. Or-
merim, aro dimy (A) < k gra moboro A C RE,
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JOKABATEJILCTBO. eiicTBUTENBHO, B CHIIY TeopeMbl 2.13 ’Hk(Rk) =
00, a B cuty cBoiicts 2.7 Mepnr Xaycaopda He (RF) = 0 aua moboro s > k.

2.15. 3AIAYA. Kaxosa xaycmopdosa pasmeprocts RF ¢ merpukoit
d(z,y) =19, nne e — npousBosILHOE JEHCTBUTEIHLHOE TUCIIO.

3. @DOPMVJIA TIJIOIIAU

Muoxkecro ZF touex B RF, nmerommx 1esodnciennbie KOOPAUHATHI,
onpeensier pasbuenne Dy mpocrpancrsa RF Ha Ky6bI o CTOPOHOI, PaBHOI
euHUIEC. B mpeaBapuTeIbHBIX PACCMOTPEHUSAX MbI OyJIeM CYUTATh, YTO
TN KyObl «3aMKHYTHI ClIeBay: Kaxkblit Kyd Q) € Dy nmeer Bu

[81,814-1) X [82,82+1)X ... X [Sk,8k+1),

rie (s1,...,5:) € ZF. Kpome Toro, BHyTPeHHOCTL TaKOro Kyba coBmajaeT
C HEKOTOPBIM IMAPOM B METPHUKE | - |« pajuyca 1/2, meHTp KOTOpOro pac-
mostokeH B Touke (s1+1/2,s9+1/2,..., s+ 1/2). OueBunno, aro Dy —

JM3BIOHKTHAs cucrema kybos 1 RE = |J Q.
Q€Do
Pazbuenue Dy onpejiessier HaboOp JBOMUIHBIX KYyOOB

D, =27"Dy = {2_nQ NONS Do}

autst giioboro n € Z. (3pech AQ = {Ax : x € Q}, rie A € R — npoussosib-
HOE TOJIOKUTEIbHOe Yucio.) OueBuHO, 4TO Kax bl Ky6 @@ € D, nmeer

BU/JI
s1 s1+1 S9 S9+1 sp s+ 1
— X | = X ..o X | —
on’  n on’  n on’  n ’
rie (si,...,s;) € ZF. BayTpennocts aT0ro Kyba coBHaJaeT ¢ HEKOTOPHIM
mapoM B MeTpuke | - |, pammyca 1/2"T1 mentp koToporo pacmonoxken
B TOYKE (223,1:’11, %, ey 2;51"11). OueBngno, aro D, — AU3IBIOHKTHAS

cucrema ky6os u RF = ) Q.
QED,

3.1. CBONCTBO. Ilycrs (R¥,| - |s) — MeTpmweckoe mpocTpancTso, a
Q) c R¥ — orkpoitoe muoxkecrso. Ilycrb ng € Z — IpOU3BOJIBLHOE LETOE
gncio taxoe, uto {Q € Dy, | Q C Q} # 0. Torma grs moboro n > ng
cyIecTByeT Herycroii Habop M, JBOMYHBIX KyOOB, YJOBJIETBODSIIOIIHIT
CJACTYIOIIIM YCIOBHUSIM:

HM,={QeD,:QcCQ};
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2) muoxkecreo M, = |J @ C Q 6operesckoe;

)
QeEM,
3) A4ﬁ C:A4ﬁ+1;
)

4) U M,=9Q;
n>no

5) lim | M,| = [©].
n—oo

HTOKABATEJBCTBO. [lockonbky €2 — OTKpPBITOE MHOXKECTBO, TO BCET/Ia
BO3MOKEH BBIOOD TAaKOTO Mg, ITO, O Kpaiineil Mepe, oguna kyo n3 D, co-
nepxures B (2. Tpebyembrit Habop M, ABOMYIHBIX KyOOB Ipu N > ny
onpejessiercst yeaopuem 1. Tak kak KaxJiplit Kyd — OGopesieBCcKoe MHOYKe-
CTBO, TO U MHOXecTBO M,, Takxke OopesneBckoe. OUeBUIHO, KaXKIblit KyD
Q € M, pasbusaercs na 2¥ paBHbIx Ky60B, BXOAINX B pasbuenne D, 41,
a ciaegosaresnbHo, n B M, 1. Orcioga moaydaem Tperhe cBoiicTBo. [l
JIOKA3aTeILCTBA, YETBEPTOr0 CBOWCTBA BO3bMEM TOUKy = € (). 3amernm,
qTO €CJIU N > Ny — TAKOE YUCJI0, UTO 2% < dist(x, 0€2), To nBOMUHBII KyD
3 Habopa D,,, KOTOpOMY IPHUHAJJIEKUT TOUKA &, COIEP:KUTCA B () BMe-
CTe CO CBOMM 3aMBIKAHUEM ¥, CJIeJ0BATENLHO, TTPUHAICKUT HAbopy M.,.
[Tocsennee ¢Bo#icTBO BhITEKaeT U3 JieMMbI 1.15.

3.2. ONPEAENEHUE. [Tycrs (M, dy), (Ma,dy) — Merpudeckue mpo-
crpatcrBa. Orobpaxenue f : (M, di) — (Ma, dy) HasbiBaeTcst Aunwu-
uesvLM, eCIU cymecTyer nocroganag L € R, masoiaemas nocmoannot
Jlunwuya, Takasi, 9ToO

dQ(f(x)7 f(y)) < Ldl(x’ y)

Juis J1Io0bIX x,y € Mp. TouHas HMXKHSS I'PaHb TAKUX IOCTOSHHBIX JIwI-
mmna obosHadarcs cumbosiom Lip(f).

Orobpaxkenne f : (Mq, di) — (Ms, dy) HasbBaeTCS OUAUNUULECDIM,
ecnu cymecTByoT noctosunble 0 < L, L < co Takue, 9TO

Ldi(z, y) < da(f(@), f(y)) < Ldi(z, y)
qT0 15t JII0ObIX X,y € M.

Hanomnum, uro oboznauerne W € U, U C RF, MbI npumensem B ToM
caIydae, KOIia MHOXKecTBO U OTKPBITO, MHOXKecTBO W orpanmdeno u W C
U (B 3TOM cirydae ropopst, 4to MuokecTBO W komnaxmmo eaooceno B U).
MuoxkecrBo W HasbiBaeTCsl BBITYKJIBIM, €CJIH BMECTE C JBYMsi TOUKAMU
z,y € W muoxectBy W NpuHAIIEKNAT TaKyKe ¥ OTPE30K, COCTUHSIOIIIIH
9TU TOUKH.
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3.3. IIPUMEP. IIIupoknii Kjacc JUMIIIAIEBLIX OTOOparKeHUI MOXKHO
ommcaTh cueayomuM yenosueM. 1lyets U C RF — oTKpbITOe MHOMXKeCTBO,
f: U — R™ npunamiexnr xiaaccy C'. Torma st m060T0 BBITYKJIOTO
muoxkectBa W & U cymiectByeT nocrossHHasg k € R, 3aBucsinas JUIlb OT
pazMepHocTeit k u m, n Takas, 4ToO

|f (@) = f(y)| < sup ||df (§)]]|z — |
Eew

JUIsl Bcex Touek x,y € W.

JTOKABATEJIBCTBO. 1) [lokaxem cHadasa, 9o eciar KodahuiuenTo

(m X k)-marpunpt A(x), z € U, — nenpepbiBHbIe (DYHKIMN B TOYKE T(, TO
k

ee HOpMa HempepbiBHA B 970l Touke. JleficTBuUTeNbHO, ecin v = Y v;e;,
i=1

rie {e;} — oproHopMuUpOBaHHBINH 6a3KC, ¥ €BKJIMIOBA HOPMa |v| He mpe-

BOCXOOUT 1, TO

Ale)o] < 3 IullA@el < Joly| S A@eP < |33 a (o).

=1 j=1

CreioBaTesibHO, B CHITy TIPOM3BOJIbHOCTH v, |[v| < 1, umeem

k

FIGIEND S IIE]

=1 j=1

3 nociiejiHero HepaBeHCTBA BITEKAET HEMPEPHIBHOCTH HOPMbI B TOUKE X,
OCKOJIBKY

k m

1A(z) = Aol < 4| D D laij(@) — aij(ao) 2

i=1 j=1

[ycte L = L(z,y), z,y € W — orpesok B W, coenunstomuii = u y, a
M =sup || df (€)]|. [Iycts eme &(¢) — ero HaTypagbHAS TapaMeTPH3ATIINI:
el

E:00,1] =W, £0) ==z &(1) =y, [E'(t)) =1 nna Beex t € (0,1). Torma
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[IojIy4daeM cjaenyrouee HepaBEeHCTBO:

|z—y|

SE/H#@@Wﬁ

0

|z—y|

/ af (€(t)) dt

0

|f(z) = f(y)l =

|z—y|
<M [ de<sup e ol
Eew

0

3.4. TEOPEMA. Ilycrs (My,dy), (Ms,ds) — merpuieckue mpocrpan-
crBa 1 s € [0, 00).

1. Ecmn f : (My, dy) — (M, dy) — smnmmneso orobpaskerne ¢
rnocrossaHOoi JInmmmna L, To

H (f(A)) < LPH(A)

Lt Jroboro muoxkecrsa A C Mj.
2. Ecmm f : (My, di) — (Ma, dy) — OmrummmmmeBo orobpakeHne ¢
rnocrostiabiMu L w L, 1O

L*H(A) < H(f(A)) < THA(A)
Jtst Jiroboro muoxkecrsa A C Mj.

JTOKABATEJBCTBO. 1. @ukcupyem 6 > 0 m BoiOMpaeMm MOKPHITHE
{E;}, i € N, muoxecrBa A takum obpasom, uto diam E; < & mas Beex
i € N. Torma U f(E;)) DO f(A). U3 ycmoBust TeopeMbl mMeeM, 9TO

ieN
diam f(F;) < Ldiam E; (IIPOBEPUTDB), nosromy diam f(E;) < Ld naa
aoboro ¢ € N. Orcrona
His(f(A) < ‘;— Z(diam F(E))® < ‘;’_L Z(diam E)*.
ieN €N
[Tepexosist K HUXKHEH rpanu 110 BeceMm noKpbitusam { F;} muoxecrsa A, 11o-
JydaeM

His(f(A)) < LH(A).
[Ipu § — 0 umeem H?(f(A)) < L*H?(A).

2. JlokazbiBaeTcsi aHAJOTMIHO CIydaio 1.
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3.5. CHEACTBUE. 1. Ecmn f : (M, di) — (Ms, dy) — summrameso
orobpazenne. Torga nz H*(A) = 0 creayer H*(f(A)) = 0 mrs Beex
A C M;.

2. Ecmm f : (My, dy) — (Msy, dy) — 6mmmmmmmeso, o ‘H*(A) = 0
roria u Toabko toria, korga H*(f(A)) = 0 g Bcex A C M.

Hamomuum paszmauny B obo3Hadenusx: cumBos |A|* obosnauaer BHeI-
Hioro mMepy Jlebera muoxecrsa A, B TO BpeMmsi Kak cuMBoJI |A| obosHnauaer
mepy Jlebera usmepumoro muoxkecrsa A. fcuo, uro |A[* = |Al, eciu muo-
KecTBo A M3MepuMo, OIHAKO, 9TO PABEHCTBO HE UMEET HUKAKOTO CMBICIIA,
ecim MHOXKeCTBO A Hem3Mepumo. DTO COTVIAIIEeHNe KOHTPACTUPYET C MpH-
MeHenueM cumMBosia H" st Mepbl Xaycaopda, TakK KaK OH OJIMH W TOT XKe
KaK JIJisi U3MEPUMOTro, TaK U JIJISi HEU3MEPUMOTO MHOYKECTB.

3.6. JIEMMA. ITycrs U C R¥ — orkpbiToe MHOXKECTBO, a 0TOOpaXKeHHe
f : U — R™ npunagrexur kraccy C', k < m. Torga aust Joboro
kommakTHOrO MuOMX)ecTBa K C U cymecrsyer nocrosiuras L = L(K) € R
TaKasi, ITO

HE(f(A)) < LMA|*  grst moboro muoxectsa A C K.

(Bamernm, uro B KagecTBe moctossHHOH L MoxkHO B3siTh sup ||df (£)]].)
cek

JTOKABATEJILCTBO. B custy perysnstpHoctu mepbl Xaycjaopda u Mepbl
Jlebera JOCTATOUHO JOKA3ATH HEPABEHCTBO YTBEPXKICHUA JIJIsT OOPEIeBCKO-
ro muoxkectsa A C K.

[Tycth n € N — takoe unciio, uro Muoxkectso M, u3 croiictsa 3.1, no-
CcTpoeHHOe o MHOXKecTBY U, comepKut mannoe Mmuoxkectso K u M, C U,
. e. K C M, C U. Hamomuum, uro M, cocraBieno us uHabopa M,
Kybos Q € D, taknx, uro Q C U. Ha xaxkaom TakoM Kybe orobpaske-
nue f smmmmuneso (em. npumep 3.3). B kadecrse nocrosinuoit Jlummuia
orobpaxkenusa f Ha Ji0oOOM uxX KyboB () € M, MOXHO B3ATb OJHO THCJIO
L, = Es%f) \df (§)]| = max |df (§)]| + o(1) mpu n — oco. Ilo Teopeme 3.4 n

eM,

Teopeme o copnajieanu mep Jlebera u Xaycmopda mmeem

H(F(ANQ)) < LEJAN Q[
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Jtst roboro Kyba () € M,,. Orciona monydaem

HE(f(A) = HE(F(ANDM,) = Y HE(F(ANQ))

QEM,
<IE Y H(ANQ) =L Y [ANQL = LEA]"

QeM, QeEM,

MMockonbky lim L, = L, to H*(f(A)) < L¥|A]*.

n—oo

3.7. CIEACTBUE. Ecmu [W| =0, o n HE(f(W)) = 0.

Cdhopmynrpyem aaredpanieckyio JeMMY, UCIOIb3YEeMYIO HIXKE.

3.8. JIEMMA. ITycrs L : R¥F — R™, k < m, — Jmneiinoe orobpaeHue.
Torna cremyrorue ycjaoBHsI SKBUBAJICHTHBI:
1) orobpasxernne L : R¥ — R™ nnnexrusnoe;

2) rank L = k;
3) mf | L(v)[| > 0;
)

4 det(L* ) > 0.

3.9. JIEMMA. Ecmn L : RF — R™, k < m, — auneiitoe orobpaxenue,

70
= /det(L*L)|A|

a1 mioboro mameprmoro muoxectsa A C RF (3nech |- | — k-mepras mepa

Jlebera).

OmnumieM reoMeTpudecKuii cMbIcy ¢OpMYyJINPOBAHHOI TeopeMbl. Besn-
anna det(L*L) nasviBaercs onpedesumenem I'pama marpuiipr L. Ecim
el,...,ex € RE — cranpaprupiii 6asnc B RF, a a; = L(ey),...,ap =
L(er) € R™ — ux obpasel, T0 ompejaennuTesb ['pama Marpuiipl L paBen
KBaJIpaTy obbema k-MepHOro napaJiiesenuesia, HaTSHyTOr0 Ha BEKTOPhI
at, ..., 0

JJOKABATEJBLCTBO. 1. Ilycrs rank L < k. Torma, ¢ ofHOI CTOPOHBI,
det(L*L) = 0, a, ¢ apyroii croponsl, Tak Kak obpas L(RF) comepxurcs
B JIMHEIHOM TOANPOCTPAHCTBE, PA3MEPHOCTh KOTOPOrO MeHbIIe k, TO 110
cpoiicTBy 2 Meph Xaycaopda (em. 2.7) nveem HF(L(RF)) = 0.

2. Ilycro Temeps rank L = k. Torma dim L(R¥) = k. PaccMorpnm
Takoe OpTOroHabHoe mpeobpasopanme O € SO(m), uro (O o L)(RF) =
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RF @ {0}™*. ITockonbKy opToroHaibuoe peobpasoBaiie SBIFeTCa H30-
METPUUYECKIM OTOOparkeHueM, TO W3 CBOWCTBa 5 Mepbl Xaycaopda Teo-
peMbl 2.7 BBITEKAET ee MHBAPUAHTHOCTDL OTHOCHTEILHO OPTOTOHAJLHOIO
npeobpasoBanusi. [loaromy

HE (00 L)(A)) = H(L(A)). (3.1)

O6osnaunm L' = O o L. Jlerko sugers, uro B cuiy Bbibopa O marpuna L'
VMEET BUJL

L//
I/ = 0 0 0
- )
0 0 0
rie L — kBanparnas (k X k)-marpuna. Torga L™ wmeer Bu
0 .. 0
L"=1L" o .. o
0 .. 0

3aMeTnM, 4To
[L"(A)| = | det L"| - |A].
Tak kak det L"* = det L”, To

| det L"| = \/det(L"™L").
3 pagencrs L™ o L) = "o/ = L* o O*oOo L = L*o L, (3.1) un

TeopeMbl 2.13 nosmydaem

HY(L(A)) = H (0 0 L)(A)) = HE(L"(A)) = |L"(A)] = V/det(L*L)| A,

4TO 1 TPeOOBAJIOCH JOKA3ATD.

3.10. JIEMMA O KACATEJIbHOM OTOBPAXKEHUU. IIycrs U C R*
— oTKpbIToe MHOX)KecTBo, f : U — R™, k < m, — uHbEeKTHBHOE 0TOOpA-
senne knacca Ct o rank df (z) = k aust Beex rouek € U. Ilycrs eme
g(y) = f(x)+df (z)(y — x) — kacaresbHoe orobpaxenne f B rouke x € U.
Tormra

(1 —o(1))lg(y) — g(2)| < |f(y) = F(2)] < (L +0(1))|g(y) —9(2)] (32)

st touek y, z € Q(z,r), rae o(l) — HeorpunaresbHAs BeJHIHHA H
o(1) = 0 mpu r — 0.
Ecm F C U — ¢ukcupoBanublii KoMnakt, To Besnianta o(1) paBHO-

mepHa Ha F mpm r — 0.
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HOKABATEJIBCTBO. [lo mpeamonoxennio rank df (z) = k mis Beex
Touek x € U. OQukcupyem r € U m xommaxt F' C U, conmepxxkamiuit
rouky z. Torma f(y) — f(2) = df (2)(y — 2) + o(1)(y — 2), rae Besnunna
o(1) pasaomepna Ha F mpu r — 0. OueBugHO uMeem

fly) = f(z) = (df (2) = df (z))(y — 2) + df (z)(y — 2) + o(1)(y — 2)
= (df (2) = df (2))(y = 2) + (9(y) = 9(2)) + o(1)(y = 2),
rie g(y) = f(x) + df (z)(y — x) — xacarenbHoe oTobpaxkenue f B TOUKe
¢ € U, a Besmunna o(1) pasromepna na F npu r — 0. 3amerum, 4to
|df (2) — df (z)|| = o(1), tie o(1) — 0 npu r — 0 paBHOMepHO Ha F.
Hamee nmeem g(y) — g(z) = df (x)(y — z). Hockonbky suneiinoe oTob-
paxkenue df (x) B3aUMHO OJJHOZHAYTHO, TO B CUJTY JIEMMBbI 3.8 MOJIydIaeM

ly — 2| < ll(df ()" lllg(y) = (=),

rae (df (z))™! — ompenenemnmoe na df (z)(RF) orobpaskenue, obparHoe K
df (z). Bamernm, 4T0 MOCKOIbKY (DyHKIMsT

USwr inf If () (v)]]

HEe OTTpaHutIeHa CHU3Y OT HysIs Ha U, TO HOpMa JTHHEHHOTO OTOOPAYKEHH ST
(df (z))~! mMoxker GBITH cKOMMb yrogHo Gosbmoit na U. Oanako, eciu Mbl
BO3bMEM JIF0O60e KoMnakTHoe MHOXKecTBO F' B U, TO

inf inf [|df (z)(v)|| = M = M(F) > 0.

z€F |v|=1
HeitcrBuTesbHo, ecin i]fllf7 |i]|f1f1 |df (z)(v)|| = 0, To B cuty HempepbIBHOCTH
vl=

YaCTHBIX NMPOU3BOJIHBIX CYIIECTBYET TOUKa To € F' Takas, 1TO

inf ||df (zo)(v)]| = 0.

jol=1

Torga no nemme 3.8 rank df (zg) < k, uro nporusopeunt yciosuio. [lo-
stomy sup ||(df (z)) || < oo na moGom KommakTHOM MHOKecTBe F' C U.
zEF

CJIG,D;OB&TGJIBHO, C y49€TOM BbIINIECKA3aHHOI'O ITOJIyYaeM
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rie o(1) — 0 mpu r — 0 pasroMepHo Ha F. Orcroza

1F(y) = F() = 1+ o(D)]]g(y) — 9(2)].
Ocrajioch MPUMEHNUTH HEPABEHCTBO TPEYTOJLHUKA,
L—Jo(D < [1+o(1)] <1+ o(1)]
U JIeMMa JIOKa3aHa.

3.11. JIEMMA O JIOKAJIbHOM UCKAKEHUW MEPKI. Ilycts U C
RF — orkpsrroe muoxkectso, f @ U — R™, k < m, — HHbEKTHBHOE
orobpaxenne kiacca C' u rank df (z) = k ans Beex Touex x € U. Torsa
Jst Jiroboro x € U cymiecTByer npezaest

def " o H*(f(Q(z,1)))
I (z, f) = v/det(df*(x)df (z)) = lim Q) (3.3)
Ecm FF C U — pukcupoBaHHBI KOMIIAKT, TO 3TOT IIPEJEJ PaBHOMEPEH

ua F.

JOKABATEJBCTBO. Ilo npeanonoxkenunio rankdf(z) = k mias Beex
rouek ¢ € U. Qukcupyem z € U. Tlonoxum g(y) = f(x) + df (z)(y — z).
PaccMOTpUM JiBa METPHYECKUX TPOCTPAHCTBA:

(Ml,dl) - (Q(:E,?“), dl(t’ S) = |g(t) - 9(3)| A t, s € Q(:IJ,?“)),
(M27d2) - (f(Q(CE,T‘)), ‘ ’ |)

B cuny (3.2) orobpaxenue f: Q(x,r) = f(Q(z,r)) asagercsa bununimu-
HeBbIM OTODpaXkeHueM Merprdeckux npocrpancts (My, dy) w (Ma, ds):

(1 —o(1)lg(y) — g(2)| < |f(y) = F(2)] < (L +0(1))|g(y) — 9(2)] (3.4)

mJist Touek y, z € Q(x, 1), e o(1) — 0 paBHOMEpHO Ha (DUKCHPOBAHHOM
kommnaxkte F' C U npu r — 0.
Hcnonb3ys n30MeTpUIHOCTh OTOOPAYKCHUS

g - (Mladl) — (g(Q(:L’,’I“)), ‘ ) Da

no Teopeme 3.4 nosydaem

(1= o(1))"H*(9(Q(x, 7)) < H'(f(Q(z,7)))

< (1+0(1))"H* (9(Q(z, 7))

~
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Hanomunwm, uto H¥(g(Q(z,r))) = H¥(df (z)(Q(x,7))), Tak Kax me-
pa Xaycaopda nHBapuaHTHa IpU CABUTE (31€Ch MPUMEHSETCsT CBOHCTBO b
JleMMbI 2.7, TaK KaK CIBUT — H30METPHIECKOe MpeobpasoBaHime).

Hayee n3 teMMmbl 3.9 BhITEKaeT

(1 = o(1))"v/det(df*(z)df ())|Q(z,r)| < H* (F(Q(x, 7“)))
< (1+o0(1))*v/det(df* (z)df (2))|Q(z, 7).

Orcrona nmeem

(1~ o(1)*/det(df* (@) ()
_ H( Q)

<( det(df*
Taxkum obpaszoM, JJOKa3aHO CYIIECTBOBAHUE MPEJIEa
M1 (f(Q(z,
x = lim det(df*

3aMeTrM, 9TO 9TOT MPeJIes paBHOMEPEH Ha, JTI000M (DPUKCHPOBAHHOM KOM-
nmakre F' C U.

3.12. JIJEMMA OB OBPA3E MHOYXECTBA BBLIPOXKJIEHUSI. [lycth

U C R¥ — orkpsrroe muoxecrso, f : U — R™, k < m, — orobpasemne
kiacca C' uw Z = {x € U : rankdf (z) < n < k}. Torna

HM(f(2)) =0.

JNOKABATEJBCTBO. Ilycrs muoxkectBo Z = {x € U : rankdf(z) <
n < k} wenycro. Ucuepnaem U cueTHON COBOKYITHOCTHIO KOMIIAKTHBIX
noaMmuoxects Fy C Fy C .... @ukcupyem € > 0 u [ € N. Torna B cumy
pasHoMepHoii Hempepeisroctr df @ U x RF — R¥*™ (up1 3nech oToxe-

criisiem guddepenimalt ¢ ero Marpureii mopsijika k xXm) xHa Fy cymecrsyer
ro(F1) < dist(Fj, 0U)/2 rakoe, aro

[f(y) = [f () + df (2)(y — 2)]| <er

auist obeix Touek ¢ € Fymy € Q(z,r), tne r € (0,7r9(F})). Bamernm,
aro Ky6 Q(x,r) aexur B ro( F})-okpectrocrn Vi MHOKecTBa Fy w ipu 9T0M
V; € U. Caenosarensio, obpas f(Q(x,r)) moboro kyba Q(z,r), © € Fy,
r < ro(F}), nexur B er-okpecraoctr Muokectsa { f(x) +df (x)(Q(0,7))}.
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Bamernm, ato obpas df (z)(Q(0,r)), z € Z N F, aBagerca 9acTbio n-
MEPHO TJIOCKOCTU U UMeeT JIMHEHHBIA pa3Mep O(r), rjie O He 3aBUCHT OT
z € Fp, 1. e. diam(df(x)(Q(0,7))) < Cjr, rue C; ne 3aBucut oT BbIOOpA,
ToukM ¢ € F], TAK KAK YaCTHBIE MPOU3BOJHBIC OTOOpaXKkeHns f orpaHute-
uer Ha F). Ilostomy er-okpecrnocts muoxectsa { f(x) + df (z)(Q(0,r))}
COZIEP>KUTCST B HE Dojtee dem O(EZ:,L) = O(Ein) pPaBHOBEJIMKNX KyDax, jna-
MeTp KaxKJIOro M3 KOTOPbIX He mpeBocxout er. Orcioma jiist Joboro ra-

Koro Kyba Q(z,r) cupaBeiiuBoO

HE(£(Qr.)) = ()10 (5 ) = O(r) = &0(Q(a, 7))

6”
rine O pasaoMmepnoe Ha Fj. Tlokpoem mMHOXKecTBO Z M Fj NTBOMIHBIMU KY-
bavu {Q;} rax, urobnl F; N Q; # 0 nas Beex 1 u amaMeTp KaxJoro u3
Hux He mpeBocxoaust p < ro(Fy)/2. Ecmu z; € F; N Q; — npousBoabHast
Touka, 10 Q; C Q(z;,7;), TIe r; — Takoe ducio, aro auamerp Q(x;,r;)
HEe MPEBOCXOIUT JIBYX JaMerpoB Q; (takum obpasoM, r; < 2p < ro(F))).
Torma nmeem

HE(F(ZNF) <D HE(F(@Q)) <D HE(F(Q(i,m)))

ieN ieN
< €k_nZO(‘Q($i,Ti|) < 2ksk_nZO(\Qz‘|) < 2k,
ieN ieN

B cuny nponssona B BeiGope € nonydaeMm HF(f(Z N Fy)) = 0 ansa Beex
[ € N. Jlng 3aBepiieHust J10Ka3aTeJIbCTBA OCTAETCS IIPUMEHUTH TeopeMy
1.15.

3.13. JIEMMA. ITycrs U C R¥ — orkpsrroe muoxkecrso, Z C U — mHo-
JKecTBO HyJeBoii Mepsl, a g : U — R — nenpepoiBaast na U \ Z QyHKIHS.
Torna

lim;ﬂ / 9(y) dy = g(z) (3.5)

r—0 |Q(:L’, r
Q(x,r)

qist moboii roukn x € U '\ Z.
Ecim g : U — R — HenpepboiBHast Ha U (DyHKIIMs, TO CXOJQUMOCTh B
(3.5) 6yzmer paBHOMEPHOIT Ha BCSIKOM KOMIakTHOM MHO)ectBe F' C U.

JTOKA3ATEJIBCTBO. [eiicrBurenbro, ecin © € U \ Z — Touka Hempe-
poiBaOCTH byHKIMA ¢, 10 |9(y) — g(x)| = o) ipu U \ Z 3 y — =z.
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[TosTomy

‘er)l / 9(y) dy — g(x)

Q)
:‘er)‘ /(g(y)—g(w))dy‘

Q(z,r)

_ 1
~Q(z, )\ Z]

[ o)~ sy =o(1) 30

Qz,r)\Z

npu U\ Z 3y — x.

3amernm, aTo 110 Teopeme Kanrtopa Besikast HenpepbiBHast Ha U DyHK-
s g : U — R gBisiercss paBHOMEPHO HENPEPBIBHON Ha, JTFOOOM KOMIAKT-
oM nogmuoxkectse F C U. Cruenosarenbro, mpasas dacth o(1) B (3.6)
OyzieT paBHOMEpPHOI OTHOCUTENBHO T € F'.

Himxke MBI mcmonb3yeMm CBoiicTBa, CHOPMYIUPOBAHHBIE B CJIEIYFOIIEM
TPEIJIOKEHN.

3.14. ITPEAJIOKEHUE. 1. Ilpu HenpepblBHOM 0TOOpaXKeHUH:

a) 1mpoobpa3 OTKPHITOrO HJIH 3aMKHYTOIO MHOYKECTB COOTBETCTBEHHO
OTKDBIT HJTH 3aMKHY'T;

b) 0bpaz KOMIAKTHOIO MHOYKECTBA KOMITAKTEH;

c) obpasz u mpoobpas GOPEEBCKOrO MHOYKECTBA OOpeseBCKHeE (cieyer
u3za) ub), . K. 6OPEIEBCKOE MHOXKECTBO MOXKET OBITH MPECTABJICHO B BIJIE
OOBEUHEHHST H TTEPECETCHUST CIETHOIO HADOPA KOMIAKTHBIX MHOXKECTB).

2. Ilpu romeomopuzme:

a) obpaz u mpoobpa3 OTKPBHITOrO HJIH 3aMKHYTOIO MHOXKECTB COOTBET-
CTBEHHO OTKDBITHI HJTH 3aMKHY ThI;

b) obpaz 1 Mpoobpaz KOMIAKTHOIO MHOKECTBa KOMITAKTHBI;

c) 0bpa3z i mpoobpasz 60PeJeBCKOr0 MHOKECTBa OOPETEBCKHE.

3.15. DOPMVJIA IUIOWAJIU. ycrs U C R¥ — orkpbiToe mHoxecrso,
af:U—=R" k<m, — uavexkrusroe orobpasxenne kiacca C'. Ilycrp
Z ={x:J(z, f) =0}. Torua

1) maoxxectBo A C U \ Z mamepumo no Jlebery torga m TOJHKO TO-
ra, xorma muoxkectso f(A) HE-msmepmvo mo Kapateonopn, n npm aTom
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CIIPaBEJJIUBO PABEHCTBO

/ Tz, f) dz = HE(F(A)); (3.7)
A

2) ecmn S C f(U) — mmoxkecrso mynesoii HE-mepor, 1o J(z, f) = 0
nourn Beioy Ha MHOxectse f1(S).

JTOKABATEJIBCTBO. [lokaxkeM CrlpaBejInBOCTh paBeHcTBa (3.7) st
BCSIKOI'O OTKPBITOrO orpanudennoro muoxecrsa ) € U (rakum obpaszowm,
Q — xommaxt). O6pas f(£) aABnAeTCS GOPENEBCKIM MHOMKECTBOM, TaK
kak f(€2) MoxeT OBbITh MPEJCTABIEHO B BUJIE CYETHOIO OOHEIMHEHNS KOM-
MaKTHBIX MHOXKecTB (cM. mpepyioxkenne 3.14). Crenosarensno, f(2) HE-
m3mepumo o Kapareomopu, cm. Teopemy 2.3. B kaxkjoit touke z € ()
OJIHOBPEMEHHO MMeeM paBHOMepHLIi mo € Q mpegedn (3.3):

o MA@, 1))
A 1QG, )

¥ BBITCKAIONINI U3 (3.5) paBHOMEpHbIl 0 & € () mpeen

:j(xuf)a

lim ————— / Iy, f)dy =T (=, f).

r—>0|Q T,r)

Orciona mia oboro m € N cymectByer rg > 0 Takoe, UTO B KXo
Touke x € {2 nmeeMm

k T, T
e ey | Twomss 69
Q(z,r)

st Beex 1 € (0, 7).

[To croitictBy 3.1 mist Bcex n > ng, rae ng € N — HeKoTopoe 9ucio,
CYIIECTBYET HemycToit Habop M, IBOMIHBIX KyOOB, YIOBJIETBOPSIOIINIL
CJEJTYIOIIUM YCIOBUSIM:

D)M,={Q €D, :Q CQ};

muoxectso M, = |J @ C Q Gopesesckoe;
ReEM,

35



B cuy BbileckazanHoro, orenka (3.8) BBIMOIHSIETCs JJIsI BCeX KyOOB
Q € M,,, eciim TOIBKO 2ﬂ_1+1 < 7.
M3 dbopmyibr (3.8) st soboro kKyba @ € M, npu 2n—1+1 < 7o UMeeM

—% < H*(f /J y, f)dy < ‘Q‘ (3.9)
Cymmupys dopmyay (3.9) mo Bcem kybam ) € M, nonydaem
Q M, Q
D8 f o < B
m m m

Dopwmyita (3.10) crpaBemiuBa it BCEX JOCTATOUHO OONBIINX 1, TOITOMY
B Heil BO3MOXKEH TPeIebHbINA Nepexo Mmpu n — o0:

_19l

m

2]

< HH(f /Jyf y< (3.11)

Dopmyna (3.11) cnpasepiuba st Beex m € N, 1m09TOMy COOTHOIIEHHE
(3.7) 11 OTKPBITOrO MHOXKECTBA, YKA3AHHOTO BBIIIE BUJA JOKA3AHA.

3aMeTrM, 9TO TPOM3BOJIbHOE OTKpBITOe MHOXKecTBO 2 = ] €2, rue
neN
oTkpbIToe MuOXKecTBO €2, = {z € Q : dist(z,0Q) > 1 u |z|s < n} KOM-

maKTHO BJI0KeHO B {2. ITocKOIbKY JJIst OTKPBITOr0 MHOXKeCTBa, §2,, hopmyia

(3.7) yxke jokazaHa, TO OHa PACIHPOCTPAHSIETCST W Ha MHOXKECTBO ), Tak

kak HE(F(Q)) = lim H*(f(2,)), a npeneanublii mepexos B WHTErpase
n—o0

ciesa B ciayyae sup [ J(z, f) dx < 0o Bosmoxen o teopeme Benno Jlesn

n oQ,
(B MPOTMBHOM CJIydae BCe OYEBHIHO).

[To nemme 2.13 mepa Jlebera — perynsapras 6openeBckas Mepa. [lo-
9TOMY JIJIst BCSKOTO uzMepumoro no Jlebery muoxkecrsa A C U \ Z cyiue-

CTBYeT HEKOTOPOEe HopesieBckoe MHOKecTBO (2, D A, npuuem Q, = [ Q,,
neN
rie {2, C U}, n € N, — ybbiBatomast mocjieloBaTeJIbHOCTh OTKPBIThHIX

MHOXKeCTB, a MHOXKecTBO S = (2, \ A umeer mynenyio mepy Jlebera. Torma,
paBeHCTBO (3.7) MOXKHO paCIpOCTPAHUTH HA MPOU3BOJLHBIE H3MEPUMbIE
o Jlebery muoxkecrsa A C U\ Z. Heitcrurensho, Q, = AUS. Tlosromy
HE(£(Q)) < HF(f(A) +HE(F(S)) = HF(f(A)), tax kak oToGpaskenue
[ obnamaer N-csoiictBom Jlysuna (cm. caepcrsue 3.7). Bamerum mpu
sToM, uto MuoxecTso f(A) HF-msmepumo mo Kapareomopu.
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Ecim S C f(U) — muoskecTBo Hysesoit H¥-mepo, To o Teopeman 2.4 i
2.13 cymecrByer 6opesesckoe Muokectso W, D S Taxoe, uro HF(W,) =
0. IIpm sTom mo Teopeme 1.23

Wa = m Wna
neN

rie Wi D Wy D ... D W, D ... — ybbiBamoas Mocjeg0BaTe/1bHOCTD
OTKPBITHIX MHOXKecTB. st goboro W, numeem

[ T gyde = wiom),

Tak kak H¥(W,) — 0 npu n — oo, T0

J(z, f)dx = lim J(z, f)dx = 0.

—1(Ws) f1(Wy)

[Tostomy J(x, f) = 0 mourn Beroay na muoxecrse f1(W,), a cienosa-
TesbHO, U Ha MHOKecTBe f1H(S).

Orciozia BeITeKaer, uto ecin Muoxkectso f(A), A C U\Z, H*-uzmepnmo
no Kapareomopu, To muoxkectso A mamepumo 1o Jlebery. [leiicrBurenn-
no, mycts Fy C f(A) — Gopemenckoe MHOKeCTBO Takoe, uto HF(Fj5) =

H*(f(A)) u npw sToM

e [y € Fy, C ...F,... C f(A) — Bo3pacraiomias MOCIeJI0BATE b
HOCTb 3aMKHYTBHIX MHOXKeCTB (cM. Teopemy 1.23). s mioboro n € N
npoobpas f1(F,) — zamkuyToe Muoxkectso (cM. 3.14), mostomy K; =

U fY(F,) — 6openesckoe muoxkecrso; npu stom f1(Fs) = Ks. Tlo-
neN

ckombky A\ K5 = f~Yf(A) \ Fs), ro uz H*(f(A) \ F5) = 0 soitekaer,
aro J(z, f) = 0 mourn Beiony na muoxectse A \ K. Cremoparesnbho,
|A\ K| = 0, tak xax no yciosuio J(z, f) > 0 na muoxkectBe A. Ta-
KM 0bpazomM, MHOXKeCTBO A ornmaaercst ot bopeneBckoro Muoxkectna, K
na MHOXKecTBO A \ K5 HyseBoit Mepsr Jlebera, u MOITOMY M3MEPUMO MO
Jlebery.

Dopmysa MmIOMAN JTOKA3AHA.
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3.16. 3AZIAYA. [Iposeputs paBerctso (3.10): a umenno, aro |J f(Q)
QeM,
f(My).

3.17. 3AZIAYA. B ycnosusix teopembr 3.15 muokectBo A C U \ Z
uMeeT HyseByio mepy Jlebera Torma w TOJBKO TOTa, KOTJA MHOMXKECTBO
f(A) nmeer nynesyio HE-mepy.

3.18. OnPEAENEHUE. Cookynnocts (X, 2, H), tne E — o-anrebpa
HE-nsmepuMbIx MHOMKeCTB (OHa ¥Ke W JpobAmascs chucrema), obpasyer
MHOXKeCTBO ¢ Mepoit. Dyukunst u : X — E nassizaercst HF-unrerpupyemoii
Ha X, ecim ona mHTerpupyeMa 1o HF-mepe Xaycnopda Ha MHOMKECTBE B
mepoit (X, Z, H¥). Cosoxymocts H*-unrerpupyemerx na X dynximmii 6y-
aem obosuadaTh cumBoioM L1(X;E).

BamernM, urto na npocrparcrse RF wrrerpupyemocts o HF-mepe Xayc-
Jopda coBmaiaeT ¢ MHTEIPUPYEMOCTbIO 110 Jlebery.

3.19. ®OPMVJIA 3AMEHBI [TEPEMEHHOH JJId MHTET'PUPYEMBIX
OYHKUMI. IIycre U C R — orkpsrroe muoxecrso n f : U — R™,
k < m, — uavexrusHoe otobpaxenne kiaacca Cl. @ynxnusgu : f(U) — E
(316ch E MoskeT 6LITH MPOM3BOMLHBIM GAHAXOBBIM HPOCTpamcTBoM) HF-
urarerpupyema Ha f(U) rorga u rosbko torga, korga ¢Gyukius U S x +—
u(f(z))JI(z, f) € E uarerpupyema no Jlebery na U, u npn srom

[ut@) T nas= [ uty)antw. (3.12)

u fU)

JOKABATEJILCTBO. 3amMeruM, 4TO Ipu k = m chopMyIupoBaHHAs
TeopeMa COBIAJIAeT C yKe JIOKa3aHHON (POpMYJIoil 3aMeHbl TepeMEeHHO| B
unrerpaJe Jlebera.

[Iycts u € L4(f(U),E) n mocrenoBarensuocts @, € Step(f(U);E)
TaKOBa, YTO

|lu—@nl] =0 npu n — oo

1 @,(y) — u(y) mpum n — 00 3a UCKIIOUEHUEM HEKOTOPOTO MHOYKECTBA,
S C f(U) mynesoit H¥-mepnr (unTerpanbuas HOpMa ToXKe Gepercsa OT-
nocurennio Mephl HF). Tlo Teopeme 2.4 MOKHO CUMTATH, HTO BCE JU3TH-
FOHKTHBIE 9JIEMEHTBI JIPOOSIIEHCsT CUCTEMBI =, Ha, KOTOPBHIX COCPEIOTOUCHA,
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crynenvarast pyukiys o, (z), n € N, apuagiorcsa boperesckumu. U3 (3.7)
BBITEKAET

/Xp(f(flf))j(x,f)dx: / J(z, f)de = H"(P) = /XP(y)de(y)
U f=1(P) f(U)

(3.13)
auist gioboro Gopesesckoro muoxkecrBa P C f(U) (tak kak 1mpoobpas
OOPEeJIEBCKOrO MHOXKECTBa siBjistercst bopesieBcknM, cm. 3.14). Cuemoa-

TesibHO, opmyiia (3.12) cipaBeyuBa 1ist J1I000# cTyneHuaToil (DyHKIMH
€ Step(f(U);E), n e N:

/ on(F(2))T (z, f) do = / on(y) AH (1), (3.14)

U fU)

(3.14) umeeM paBEHCTBO

/m ol )1 (@ da:—/m ~ el )

13 KOTOPOIO BbITEKaeT, 4To nocienoBaresbioctb o, (f(2))T (x, f) sais-
ercst pynnamentanbhoit B £1(U;E). Tak kak J(x, f) = 0 st nouru Beex
rouek z € f~1(S) (cM. 3.15), To B custy BHIGOPa MOCIEI0BATENBHOCTH Py,

on(f(2))T (x, f) = u(f(2)) T (z, )

B TOYTH Bcex Toukax x € U npn n — oo. Takum obpazom, mpejest mo-
crenosaresasrocT {@,(f(z)) T (z, f)} B L1(U;E) pasen u(f(x))T (z, f)
nmovTH BCIOJy (MOCKOJIBbKY BCsKAst TTOCJAEOBATEIBHOCTD, cXO/sasics B L1
K HEKOTOPO# (DYHKINK, COAEPIKUT MOATOCIEIOBATEIBLHOCTD, CXOASIILYIOCS
MOYTH BCIOAY K Toif ke dbyHknnm morodedno). [lepexonsa B (3.14) k mpe-
TeJTy TIpU N — 00, TOJIyIaeM paBeHCTBO (3.12).

[Tycrs reneps dynkiust v : f(U) — E rakosa, uro dynkius U 3
z — u(f(z))T(z, f) narerpupyema no Jlebery wa U. Torma cymecrsyer
MOCTEIOBATEILHOCTD CTYTIeHIaThIX Gbynkmuii ¢, € Step(RF; E) takas, ato

[u(F(NT(C ) = eul)]| =0 mpn n— oo

n op(x) = u(f(z))T(z, f) tpu n — 00 3a UCKITIOUECHHEM HEKOTOPOTO
MHokecTBa S C U nynesoit mepbl Jlebera.
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[Tonoxnm Z = {x € U : J(z, f) = 0} u paccMoTpuMm mpon3BOIBHHOE
kommakTHoe MHOYKecTBO A C U \ Z. IlockombKy

O<a=inf J(z,f) u B=supJ(z, f) <0
zeA z€A

(em. 3.14), To mocnenosarenbiocTh bynkuuit o, (2)J " (z, f) cxomures
mouTu Beroay K dbynkunn u( f(z)) na A npu n — 00, a TaKKe

/ on(@)T (&, f) — ul(f ()] dz — 0
A

pu . — 00, TaK KakK

[ len@ e, 1) = u(g@)] o <07t [ fou(a) - u(f@) T (o, )] do
A A

st Becex n € N,
Samernm, 9T0 110 Teopeme 3.15 Kaxkgas n3 QyHKIHi

FlA) 3y = ealF )T (F7 (). f)

(orobpaxenne f~! cymecrsyer, T. k. f wbekTuHO) HE-mzmepuma na

f(A), rak Kak gon(f_l(y)) — crynenyuaras QyHKIW, a j_l(f_l(y), f) —
HENPEpLIBHAA OrpaHndeHHas (DYHKINs.

Bonee Toro, 3 Teopembl 3.15 caeayer

/ ou(F(2)) T (z, f) dz = / ou(y) dH (1), (3.15)

A f(4)

[Tonoxum y = f(z). Torga, npumensis (3.15), noayaaem

/ on() do = / e PN @) T (@, TN (), ) da
A A

Orcroia mosydaemM, ITo

e(f )T (), f)
HE-mmrerpupyema ma f(A).
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Takum 0O6pa3oM, B CUJIY JIOKA3aHHOIO

/ onl() dz = / el )TN ), £) dHE ()

A f(4)

st ioboro n € N. Orcroza

1 TI09TOMY MOCJIE/I0BATE/ILHOCTh (PYHKITH

ea(fHWNT (), f): f(A) - E

apasgercs dbyngaMenTaabHoil na muoxectse ¢ mepoit (f(A), =, HF). Same-
M, 9TO npejes 31oil nocaenoBarensbioctn B L1(f(A); E) mourn Beony
COBIAJIAET C ee TOTOYEUHbIM MPeJIeJIoM TIpu n — 0o. [lockosbKy orobpa-
wenue f obnagaer N -csoiicrsom Jlysuna, To ¢, (f 1 ()T Hf 1 y), f)
cxomurest HE-noarn serony na f(A) k dynxmum u(y). Taxkum obpasoM,
noxazama HF-mnrerpupyemocts Gynxmum u(y) ma muokectse f(A) u pa-
BEHCTBO

[wre@n T o= [ ulwant).
A f(A)
Ecnu teneps Ay C Ay C ... C A, C ... C U\ Z — ucuepnbiBanue

0. @)
muokectBa U\ Z xommaktHbiMu MuOKecTBamu: |J A, = U\ Z, 10 (¢
n=1

yuaerom H¥(f(Z)) = 0) nonyuaem

/ uly) dH* () = / u(y) dH*(y)

fU) f(U\Z)
=lim [ u(y)dH'(y) = lim [ u(f(2)T(, f)dz
f(An) An
~ [T ) ds = [t @)@, o
\z U



Takum obpaszom, HF-unrerpupyemocts bynknun v : f(U) — E nokaszamna,
a BMeCTe C Helo JloKas3aHa u (popMyJia 3aMeHbl TIEPEMEHHOII.
3 nokazanHoit TeopeMbl 3.19 Tak ke, Kax u npu k = m, BbITEKaeT

3.20. DOPMYJIA 3AMEHHI [IEPEMEHHO! JJIA NSMEPUMBIX OYHK-
1. Iycrs U C R¥ — orkpbiroe muoskectso n f : U — R™, k < m, —
HHBEKTHBHOE oTobpaskenne kiacca C'. Heorpunarenpnas yHKIOHS u
f(U) = R H*-mzmepnma na f(U) Torga m Toapko Torga, Kora (ynKmms
U>szw—u(f(x)J(x,f) € [0, 0] usamepuma no Jlebery na U, u npu srom

[utr@) e nas= [ utg)antw. (3.16)

U fU)

4. TIPUMEHEHMSI ®OPMVYJIBI IIJIOIIAIU

4.1. JMUHA KPUBOW. Ilycrs [a,b] —orpesok us R, f = (f1,..., fm) :
[a,b] = R™ — unnexrusnoe orobpaskenne kaacca Ct([a, b)), a f([a,b]) =
v. Torna H(v) = I(v), rae l(y) — amna kpusoii.

JOKABATEJIBLCTBO. OueBHIHO, B 3TOM CIydae

df (t) =

[ToaTomy

m

T, 5) = VAt @ ) Ao d 1) = | S (Li(n))”

, dt
1=1

[To dpopmyse momaay mosydaem

H(y) = /<i(%(t))2>%dtj(i(%(t)f)édt.

[a,0] 1=1 0 1=1

3amerum, 4TO JIJINHA KPUBOIi [ (’y) IJIaJKOW KPUBOU 7y BbIParKaeTCsl TaKOM
e dopmyioit, mosromy H(y) = 1(7).
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4.2. TITOWA b TOBEPXHOCTU. Ilycts U — OTKpBITOE MHOXKECTBO
BR?, f: U — R — unvekrusnoe orobpasxenne kaacca C1(U). Toraa
aBymeprasi momaspb nosepxaocru f(U) Boipaxkaercs: popmyiori

H2(f(U)) = / \/E(il,’l, $2)G(£L’1, $2) — F2(£L’1, :L’Q) d:L’l d$2,

E(z1,22) = (g—;(xl,@), g—i(%,ﬂh)),
G(r1,72) = (g—;(xl,@), g—;(%,ﬂh)),
0

F(z1,12) = (gfl (21, 22), 8:52 (561,562))-

JTOKABATEJBCTBO. QueBUIHO, B 9TOM CIydae

rae

af af
ooy (T1,02)  Foe

df(x17 x2) — %(1'1,1'2) %(1'1,1'2)

(z1,72)

o o
T (21,m2) G2 (w1,22)

Orciofa mpsiMoe BBIUKCICHHE J1aeT
I @) = (o) M)
F(iIZl,ZIZQ) G(Cﬂl,ﬂ?Q)

Cresosarenso, det(df*(z)df (z)) = E(x1, 2)G (71, 22) — F?(21, 22). Ha-

JIee OCTAeTCs TOJHLKO NMPUMEHUTH (POPMYJIY TLIOMIAJIN.

4.3. IIJ1oAIb TIOBEPXHOCTU I'PAGUKA OYHKUWU. [lycte U —
orkpsiroe muoxecrso B RF, f : U — R — unbexrupHoe oTobpaskeHne

kracca CHU), T = {(z, f(z)) € R*, 2 € U} — rpadux pynxmn f.

Torna k-meprast mwiora b TOBepXHOCTH rpaphuka (pyHKIINH [ BbIpaKaeTcs

¢dopmy.oii
- [ VIFViPds
U

rne Vf = (g—ai(x), e g—gi(x))
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JTOKABATEJILCTBO. 15 nokazaTeabcTBa (POPMYJIBbl PACCMOTPUM OTOD-
paxenue g : U — I, takoe, uro g(z) = (z, f(x)). OTcioga momyaaem, 91o

1 0 0

0 1 0

dg(:l,’) - 0 0 1
AL (@) AL (a)

Hust serancienns det(dg*(z)dg(x)) npuMeHnM JTOKa3bIBAEMYIO HUKE Te-
opemy 4.4. Iomyuum det(dg*(z)dg(x)) = 1+ |Vf|®. anee ocraercsa
TOJILKO MPUMEHNTH (DOPMYJLY TLIOMIAJIN.

4.4. TEOPEMA BUHE — KOIWINU. [List siroboit marpuisl L Buga

a1 QAin

aAm1  --- Omn

n < m, BEPHO PaBEHCTBO

det(L°L)= 3 det | .

1<i1<12<... <t <m Gip1 o Gipn

JTOKABATEJILCTBO. B cayuae m = n TeopeMma BBITEKAeT U3 COOTHOIIIE-
Husi det L = det L*. lokakem TeopeMy TOJBKO B Clydae, Korjga n =
m — 1. Ee reomerpudeckuil CMbICI B 9TOM CJIy4ae COCTOUT B TOM, YTO
KBaJIpaT 00'beMa n-MepHoro mapasutesenunena B R pasen cymme KBaji-
PaTOB N-MEPHBIX 00LEMOB €0 MPOEKINil Ha N-MepHbIe KOOPAUHATHBIE T10/I-
npocrpatcTBa (06061enne reopembr [Tndaropa).

HyCTb n = 2, m = 3, BEKTOPbI a1 = ((111, aio, (113) nag = ((121, asg, CL23) —
cTONIOIIBI MATPUILL L, €], e3 U €3 — OPTOHOPMUPOBAHHBIN Oazuc B R, u

€1 a1 a2
a1l a1 a1 asi a12 Qa
w=axXb= €y A12 A9 | = e3— €2+ €1
ai2 a2 ais a3 aiz az3
€3 13 Q23

M3BecTHO, 9T0 JITMHA BEKTOPa W PaBHa MJIOMIa1 apaJiesorpamma V (aq, az),
HATSHYTOrO Ha BEKTOPBI a1 W A9, & CaM W OPTOTOHAJICH a1 U az. Ecan mHa
TOJIYUNBIIAECCH 3 BEKTOPA W, a1 ¥ G HATAHYTH 3-MEPHBIi TTapaJIeICITIIIe]]
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V(w, a1, as), T0 ero obbeMm Oyer paBeH

wy ai; a
V(w,a,b)| =] wy ap axp | = (w,w)= |w|2 = V2(a1,a2) = det(L*L).
w3 a1z a3

([Mocnegaee paBeHCTBO CJIEIyeT W3 CBONCTB BEKTOPHOTO MPOU3BEICHISI. )
Orcro/ia BHITEKAET PaBEHCTBO
2
det(L*L) = Z det [ "1t "2
1<i) <i»<3 gl Gip2
Paccmorpum Tenepnb Oostee obruit ciyuait. [Iyers eq, ..., e,11 — cTan-
JApTHBI opTOHOpMupOBaHHbI 6aznc B R"T!. Paccmorpum onpepesuress

e1 n+1
w=| ... ai ... a, :E Aje;,
€n+1 i=1

rie a; — ctosobl MaTpuilbl L, A; — K03 GUIMEeHTH B PA3JI0XKEHNN OTpe-

JIeJINTeN s 1o 1epBoMy crosioiy. Bekrop w = (Al, .. .,An+1) ABJISIETCS
aHaJIOI'OM BEKTOPHOI'O MMPOU3BEIACHUA A1 X ... X ap BEKTOPOB At,...,0p.
n+1

Bamerum, uto |w|? = (w,w) = Y A? 4 4TO BEKTOP W OPTOrOHAJEH KaK-
i=1
aomy a;, @ = 1,...,n. (Ilpu mogcTaHOBKE B MATPHILY KAKOTO-THOO CTOIONA

a;, 1=1,...,n, BMECTO €1, ..., €y,1 MOIYIUM ONPEJCIUTEN b, PABHBII Hy-
mo.) Orcropa nosydaem, 4to obbem napaJesnenunena V(w,ay, . .., ay),
HATAHYTOrO Ha BEKTOPbl W, A1, . . ., Gy, C OJHONH CTOPOHBI, paBeH

V(w,ay,...,a,)| = |det(w,ay,...,a,)| = (w,w) = |w|?
a C JIpyrom —

V(w,aq,...,a,) =|w|-V(ay,...,a,),

rie V(ay,...,a,) — (n—1)-00beM mapasresenumnesia, HATIHYTOTO HA BEK-
TODPBI a1, . .., a,. OTcioga uMeem paserctso V(ay,...,a,) = |w|. 3ame-
M, 9TO OObeM mapaJenernunena V(ay, . .., a,) pasen /det(L*L), tak

Kak, rmojaras 17 = ﬁ, nMeeM

Viay,...,a,) = |V(n,a1,...,a,)| - |[V(n,ai,...,a,))
= det(n, a1, ...,a,)" - det(n,as,...,a,)
= det((n,a1,...,a,)" - (n,a1,...,a,)) = det(L*L),
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rie (n,ay, .. ., a,)* — MarTpuIa, ConpsiKenHas MaTpuie (1, ai, . . ., a,) (371ech
U TOJACUYETE CICYeT YUECTh, YTO BEKTOP 7) OPTOTOHAJICH KAXKIOMY N3
BEKTOPOB @1, . .., Gy, 1 (n,n) = 1). [Tosromy

i1 ailn 2
det(L*L) = |w|? = S (det )

1<11 <1< <1, <n+1 @i 1 i n

4.5. TIJIOWA b [TOBEPXHOCTH COEPHI.
Ok—1 = wy - k,

re oy_1 — IJIoHIalb eJuHIIHOH k-MepHOF cepbl, wy — obbeM k-MepHOro
CMHHYHOTO [1aPA.

JTOKABATEJILCTBO. Pacemorpum chepy Sg = S(0, R) C RF pammyca
R, orpannmunsatomyio map B(0,R) C RF. 3Bamerum, uro H*1(Sg) =
RF1.HF=1(S)). Hocuuraem mepy xombua Ary = B(0, R) \ B(0,1):

An| = / dz = |B(0, B)| — | B(0,1)] = we(R* — 1). (4.1)
Ap
Tenepb MocYUTaEM MEPY 3TOTO K€ KOJIbIA, NCIONL3Ys (DOPMYIY 3aMEHbI

nepemenHoii. Paccmorpum orobpakenue f, 3agaHHOE CISIYIONUM 00Opa-

30M:
)
xr1 = T COS (]

To = T SIN Y1 COS Y2

T3 = 18I (V1 SN (P9 COS Y3

Tp_1 = rsiney...siNQg_1COS Yi_1
(| T, = rsiny ... SN Qg1 SN Pg_1,
1<r<RO0O< gy <mi=1,....k—2, 0 < 1 < 2r. Torga no
dopmyiie 3aMeHbl IepeMeHHo 00beM Koibiia Oy1eT paBeH

// T, o1, pp-1; f)drder ... dog_1.

[1,R]x

(31ech MHOXKECTBO
Q={w="(p1,...,06-1) i €[0,m], i =1,...,k —2, pp_1 € [0,27]}.)
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BaMeTI/IM, 9TO BCE€ BEKTOPDI 86(;{ JIe2KaT B KaCaTCJbHOM ITPOCTPaHCTBE K
(2

chepe, a % OPTOTOHAJICH eil W JJIMHA 3TOro BeKTopa paBHa 1. I3 reo-

METPUYECKOTO CMbICIa sikobraHa (06beM napaJsuiesienue/a), BUJHO, 9To
J(’I”, P1y -y PE-1, f) = ‘-7(8017 <oy Ph—1;5 f(’l“, Ply -y Sok—l)) Opn KazKJ0M

(bUKCHPOBAHHOM 7 B JIEOOOH TOUKE (1, ..., pr—1) € (), TAK KAK «BBICOTA»
mapaJIe/Ielnne/1a, HATSHYTONO Ha BEKTOPLI %, %’ e af,f -, papHa 1.
Orcroga mosryaaem
R
Anal = [[ Jrwpardo= [ [ 70509 d
[1,R]xQ 1 0
R R

= [ SO dr = o [ o= R ),
1 1

TaK Kak 1o (popMyJie IO 1N

HH(S(0,7)) = /j(w; f(r,"))dw nag gwboro r € [1, R).
0

CpaBHI/IBaH HOJIy‘{eHHbIﬁ pe3yJjibTaT C paBECHCTBOM (4.1), nuMeeM O0p_—1 =
Wwg - k.

4.6. 3AIAYA. Ilyctb M C R™ — k-mepnoe muoroobpasue B R™, a
HFLM — k-mepnas Mepa Xaycuopda na M. Hamucars dopmMysty miora-
JIn B HEKOTOPO# (pukcupoBaHHoit cucreme koopjuuar ¢ : U — V' rue U,
V' — orkpbiThie MEOXKecTBa B R™ | takoii, uto (U N M) ={V : x4 =

YKA3BAHUE: Paccmorperh nmapaMeTpu3aiuio
?ﬂ:@—l;{V:ka:_,,:xm:O}_)UmM

MHOTOODpasust M u npumeHnTh (DOPMYIIY TIOMIAJA K OTOOPAXKEHUIO 1 :
W—)MﬂU,meW:{xeV:xk+1:...:xm:0}CR’“.
Muoxectso A C M N U H¥. M-uzmepumo no Kapareogopu Torma u
TOJIKO TOTJIA, KOraa MHOXKecTBO ¢(A) mamepumo 1o Jlebery, u mpu srom
CITPaBEIJINBO PABEHCTBO

HE(A) = / J(z, f)de = / Vdet(di* (2)dy(z)) de.
¢(A4) ¢(A4)
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4.7. 3AOAYA. 1) Ilycte M C R" — k-meproe muoroobpasue B R”
¢ k-mepHoit Mepoit Xayciopda HFLM wa M, a NV C Rl — m-mepHoe
MuOroobpasue B R ¢ m-meproit mepoit Xaycaopba H™N wa N, k < m.
Onpenenuts skobuan J (z, f), * € M, orobpaxenns f : M — N knacca
C' 1 HanucaTh cOOTBETCTBYIONLYIO (bOPMYITY IIIOMAIN: MHodcecmeo A C
M HFCM-uzmepumo no Kapameodopu mozda v moavko mozda, kozda

mmooicecmeo f(A) C N HE-usmepumo no Kapameodopu, u npu smom
CNPAGEINUBO PABEHCNEO

W) = [ T ) k@),
A

HE(f(B(z,r) N M))

2) [Mokazare, uro J(z, f) = ll_I)% H (Bl )OM)

VKABAHUE. Paccmorpers B kauectBe xapakrepuctuku J(x, f) ucka-
enust mep sesnynny +/det(df (z)*df (z)), rae df (z) : TMy — TNy —
middepenunan orobpaxkenns f : M — N. Tlepeiitn B JIOKaILHBIE CH-
CTeMbl KOOPJIMHAT, CBECTU 3aJlady K TeopeMe 3.15, a 3aTeM JABaXKIbl MPHU-
MEHUTH (POPMYJIY TLIOMIAIH.

4.8. BAJAYA. Ko BceM IPUBEIEHHBIM B 9TOM pasjiesie popMyJiaM IIo-
a1 HAIKMCATh U JIOKA3aTh COOTBETCTBYIONINE (DOPMYJIbI 3aMEHbI Iepe-
mennoii. Hanpumep, naTerpas Jlebera B mojsipHON cucTeMe KOODIMHAT:
dbynknms u € L4 (Rk, [E) rorga u rosbko Torga, Koraa GyHKIMs U HEL
wHTerpupyema Ha S, s moutu Beex r € (0,00) u

o0

/ u(w) de = /Oo =1 gy / w(rw) dHF (w) = / dr / w(w) dHF ().
0 St

RF 0 S,
(4.2)

5. O®OPMVJIA KOILJIOIMIAJIN

5.1. DOPMVJIA KOILJIOWAAU. Ilyctr U — OTKpBITOE MHOXKECTBO B
RF a¢: U — R — ¢ynkuns kaacca C'. Ilycre eme f : U — E —
uzMepuMasl ¢GyHrius, rae & — mnpousBoabHOE OAHAXOBO MPOCTPAHCTBO.
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Torna, ecmu f(x)|Ve(z)| marerpupyema, To crpaseminba opmyta
[ t@vela)lds= [ at [ ran ),
U -0 pTl(t)

5.2. BAMEYAHUE. B ciyuae, Korja ¢ = x; — KOOpAWHATHAsT (DyHK-
1ust, 7o MbI 10Ty aem Teopemy @ybunm (o~ (z;) — rumepriockocts; HEL —
(k — 1)-meprast mepa Jlebera ma Heii).

5.3. 3AIAYA. [Ipumensisi opmyiy Korsomaau K yHkunn @(x) =
|z|, re |z — eBkuMmoOBa HOpMa, TOMYInTH hopmyny (4.2).

MBI TOJTyIrM JTI0KA3aTeIbCTBO TEOPEMbI O.1 KaK JacTHBIN ciydaii ¢hop-
MyJUpyeMoii HuxKe TeopeMbl 6.3.

6. DOPMVJIA KOIJIOUIAIN (m-MEPHBII CIIVUAIL)

6.1. JIEMMA. Ilycrs &,..., &, u 04,...,0, — k-MepHBIE BEeKTODHI,
JIexKale B oqHoM m-meproM moginpocrpancrse L C R m < k. Torza
IpoH3BeeHIe 00HEMOB M-MEPHBIX MapaJLICICIIHIIC0B, HATSIHYTHIX Ha TH
BEKTOPBI, BHIYHC/ISIETCST 110 (hOpMYy.JIe

(. 0) (& 6)

Ve - Vg = |det

(e 8~ {ms 00)

JJOKABATEJILCTBO. Obo3HauINM Uepes

&

(1]

Em
(m X k)-maTpuiry, B KOTOPOl BEKTOPBI 3alMCAHBI KAK CTPOKHU, & depes

O=(,...,0,)

— (k X m)-Marpuity, re BEKTOPbI 3anucanbl Kak cToubibl. Hamomunw,
yro [ — m-MepHOEe TOAITPOCTPAHCTBO. PaccMoTpuM opToroHasbHOE Tpe-

obpasosanme O € SO(k) makoe, uro O(L) = R™ @ {0}~™. Torna
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O(&) € R™ @ {0}~™ nns Beex j = 1,...,m u nostomy

rie £ — (m X m)-marpuna. Kpome Toro,

rie § — (m X m)-marpuna, a

O . 0= |+

3ameTnM, ITo

= /det(Z- ) = \/det(E - O - 0% - 5*) = \/det(€£ - £*) = | det ()|

N aHaJIOTMYHO

= \/det(0* - ©) = \/det(0* - O* - O - ©) = \/det(#* - §) = | det(0)].
Torma

Ve - Vg = +/det(€* - €) - \/det(6 - 6%)
= [ det(§)] - | det(8)] = | det(¢ - )]
= |det(Z-0*-0-0)| = |det(Z - ©)] = (6.1).
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6.2. CIEACTBUE. ObbeMbl mapaJieaenuneoB, HATIHYTHIX Ha BEK-
TOpBI Gasnca U KoGa3Hca HEKOTOPOIO M-MEpPHOIO MOAIpOCTpaHcTBa RF
m < k, obpaTHO MpONOPIIMOHAJIBHBI.

HTOKABATEJBCTBO. [HeiicrBurenbro, nyctb &1, ...,&n 1 01,...,0, —
COOTBETCTBEHHO 0a3uc M KODA3WMC m-MepHOro mnojmnpocrpancrsa L, T. e.,

<§i: 9J> = 5U TOI‘,H&

(e 0) (e, 9m>

Ve - Vo = |det : = det(E) = 1. (6.2)

(&m 01) <fm7 )

6.3. DOPMVJIA KOIJIOWALN (m-MEPHBIN CIVUYAN). Ilycrs U —
oTkpbIToe MHOMKecTBO B RF a4 ¢ : U — R™, m < k, — ¢yukuns xmacca
C'. Hycre eme f : U — E — msmepnmas ¢gyuxmus, rie B — mpoms-
BosbHOE banaxopo npoctpanctso. Torma ecnn f(x)y/det(dp(z)dp*())
HHTErpupyeMa, TO CIPaBEJJINBaA (POpMyJia

/f )v/det(dp(z)do* (2 d:z:_/ds/f YdHF"™(u).  (6.3)

6.4. SAMEYAHUE. B cayuae, korna o(x) = (i, ..., %, ) — OPOEKIIHs
Ha m-MepHyto 1miockocts R™ C RF, 1o MbI momygaem teopemy @ybunm
(p7(s) — (k — m)-mepnas niockocts, a HE™™ — (k — m)-mepras mepa
Jlebera na Heii).

st qokazaTebCcTBa TeopeMbl HAM MOHAJ00UTCS CJIe1yIOIast

6.5. JIEMMA. ITycrs U — orkpsrroe muoxkectso B RF, a ¢ : U — R™,
m < k, — orobpaxenne xracca C'. Ilycrs eme f : U — E — u3mepumast
dbyuxmus, n orobpasxenne g : U — RF | 3agannoe kak

(x1,..., Tk) LN (1, -y T, (),

sBJIsIeTCst guhpeoMophuzMoM Ha HEKOTOPOM OTKPBITOM MHOXKecTBe V' C
U. Torna, ecin f(x)+/det(dp(x)dp*(x)) nnrerpupyema, To cnpasemmba

¢dopmyia

/f )\/det(dyp(z)de*(z dx—/ds / Flu)dH ™ (w). (6.4)
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6.6. SAMEYAHUE. BeqmunHa

T, 0) € V/det(dp(z)dp*(z))

paBHa 00beMYy M-MEpPHOI'O IMapaJljejeluIe/ia, HATIHYTOIO Ha BEKTODBI

Vi,..., V. Mbr Oynem ee takyke Ha3bIBaTh K0IPPHuyueHmom Kon.no-
wadu. OHa XapakKTepu3yeT HCKAXKCHHe MEepPhl B OPTOIOHAJTLHOM K ITOBEDX-
Hocru @~ 1(s) nanpassennn.

JTOKABATEJIBCTBO. Otobparkenne g nMeer CIeAYONLyI0 CTPYKTYPY:
-1 g
o (s)dx=(21,..., x) = (T1,. .., Tp_m, S).

O6ozuatnm depes W = g(V') obpas V' mpu orobpakeHuu g, a CHMBOJIOM
REM = {2 e RF 2 = (y,5), y € RE™} — ceuenme {zp_pmy1 = 51, | =

1,...,m}. Paccmorpum neiicteue g~! ua muoxecrse W N RE-™ . Jlerko

3aMETUTD, ITO
e (s)NV ={z eV px)=s}=g'(WNR™). (6.5)

[To popmysie 3amennl nepemernoit u reopeme Qybunm mosydaem

[ 1@utoe)de = [ 17 Tnle™ (20 T g7 2

v

- [ @ [ 1O Gy 69

Prgm W WNRE—™

rae z = (ya 3)7 a dy = dyl . dyk—m-
QukcupyeMm s € Prrm W n paccMoTpuM BEKTOPBI

bi(z) =dg ' (2)(e;), i=1,....k—m,

cocraiisiiolne 6asnc KacareabHoii miockocrn Ty K (k—m)-MepHOMY MHO-
roobpasuio ¢~ 1(s) B rouke z = g~1(z) (em. (6.5)) (3meche;, i =1,...,k, —
BEKTOPHI CTAHIAPTHOIO Oa3uca B Rk). [ockonbky R = T, ®N,, e N, —
HOPMaJThHOE MPOCTpaHcTBO K (k — m)-MepHoMy MHOTOOOpasnio ¢~ 1(s) B
TOuKe T = g~ 1(2), TO BEKTOpHI

hi(z) = dg ' (2)(er—msi), 5=1,...,m,
MOKHO PA3JIOKUTh HA KACATEJIBHYIO U HOPMAJILHYIO COCTABJSTIONLYTO:
hj(z) = hi(x) + b (z), rae hi(z) € Ty, a bj(z) €N,, j=1,...,m.
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Bamumiem Marpuily onepatopa dg~(z) B Buge (b(z); h(z)), rae
b(z) = (bi(z),...,bk—m(z)) — (k x (k — m))-marpurga,
B KOTOPO# KOOpJAMHATHI BeKTOpa b; () pacrosokeHbl B BUJIE CTOJIOMA, a
h(z) = (hi(z), ..., hn(z)) — (k X m)-marpuua,

B KOTOpO# B BHje CTOJONA PACIONIOKEHbI KOODAMHATHI BekTOopa h;(x).
O4eBuIHO

h(z) = h'(z) + h"(z) = (hi(z),..., AL (z)) + (B} (z),..., Kl (2)).
Orciona det(dg™t) = det(b(x); h(z)) = det(b(z); h*(z)). Torna, omyckas

14 KPATKOCTH apryMeHT I, UMeeM

7(z,97") = /det(dg 1" (2)dg (=) = /det((b; b)Y+ (b; "))
— \/det(b*b)\/det((h)*hn) = T (2, g~ ')\/det((h?)*hn). (6.7)

[Togcrasisist B (6.6) monyuennoe paseHcTBo (6.7) st MojyJisi sikobuaHa,
TTOJLY YA M:

[ o)V Eetldp(e)dy (o)) do =

[ as [ s e, 68

Prgn W ARk
rie z = (y,8), dy = dyy ... dY—m, a
M (2) = \/det(dp(z)de*(z)/det((h"(2))*h" (x)), « =g '(2).

[Ipumenum Terneps caegersue 6.2 gemmbl 6.1, arober nokazath M (z) =
1

1 st Beex z. HeiictBurenbuo, gog~ = [ — ToXiecTBeHHOE OTODPaXKeHue,

nosnyuaeMm @;(g71(2)) = zg—m+;. Crenosarenbio,

0 1 B
m% (97 (2) =

= (Vp;(z), dg"(2)(et—m+i)) =

0 -1 dg, !

(9 (Z))ayT:nH(z)

V;(z), li(z)) = (Vei(z), hi'(z)),

J

51 =

Mw
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nockonbky Ve;j(z) € N, u nosromy (V;(z), hi(z)) =0, j,l =1,...,m.
COBOKYITHOCTh BEKTOPOB

Voi(z), I=1,...,m, = =g '(z),

JUHEIHHO He3aBUCHUMa B HOPMAaJLHOM HpocTpaHcTBe N, Tak Kak JInHeii-
Hoe orobpakenne dp(x) nmeer MmakcuMalbHbiil panr. CiegoBaresibHO, 9Ta
K€ COBOKYIHOCTH BEKTOPOB SBJISETCA 0A3MCOM HOPMAJBLHOTO MPOCTPAH-
crea N,. Torna copokymnuocth BekTopos h’(x), j = 1,...,m, aBasercsa
kobaznucoMm B N,

Okonuaresibio 13 (6.8) 1o dopmyie MIoagN Moy daeM

/ f(z)/det(dip(z)dg*(z)) da
— / ds / a7 (2)T (2,97 ") dy

Prgm W WNRE—™
:/ds / £(w) dHF™(u).
Rm e~ (s)NV

JlemMa J1oKazama.
JTOKABATEJIBCTBO TEOPEMBI 6.3. Obo3Hadaum depe3

Z ={x € U : det(dp(z)de*(x)) = 0}.

NsBecrHo, uro & € Z morja u TOJAbKO Torja, Korga rankdp(x) < m.
Paccmorpum orkpeitoe muoxkecrso Q = U\ Z. Jlust moboro z € Q cyuie-
ctByeT ro(z) Takoe, uto rank dy(y) = m s Besikoro y € Q(z, ro(z)).

BameruM, uro, eciu ¢ € (2, To rankdp(x) = m u, cremgoBaTeIbHO,
CYIIECTBYIOT %1, . . ., & TaKue, 4To

rank dp(z) = rank ( 0p (z),.. Op (33)) = m.

61‘,’1 ) 0xsy,

dp
Ba:i.
J

(31ech BeKTOD 3aITICHIBACTCS KaK CTOJIOEIT, )

[TosTomy

rank dy(y) = rank (aifl (), 3(2’—(;@)) =m
ISt Beex y u3 HekorToporo mapa Q(z,ri(z)) C Q, ri(z) < ro(z).
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PaccmorpuM otobpakenue g @ Q(z,ri(r)) — RF, samanmoe cremyto-
UM 00pa3oM:

Q(z,r1(z)) >z = (z1,..., xp) ER

(33‘1, sy Tji—1, cpil(x), Liy+1y 5 Lj,—1, cpim(x), L1y [l?m),

rje Ha 7;-OM MecTe BMECTO &;, CTOMT KOOpJWHATHAs (DYHKIHIS ; OTOO-
paxkerns p(x). Orobpaxkenne g HenpepblBHO HudEPEHIIPYEMO U KO-
ouan J(x,g) HEBBIPOXKJEH B Touke . [losromy 1o Teopeme 006 06paTHOl
byukun orobpaxkenue g sipisiercs udpdeoMopdu3MOM B HEKOTOPOM KY-
oe Q(z,r(z)), r(z) < ri(x).

DukcnpyeM KOMIAKTHy0 001acTh w € U. OtkpbiThie Kyon! {Q(z, r(z)) :
T € W} 06pasyloT OTKPHITOE MOKPHITHE MHOXKECTBA W. Bhibepem u3 Hero
koHewaHoe nofanokpeitue {Q(z;, ;) : x; € w}, i = 1,...,1. Jna nocra-
TOYHO GOMLITONO N CHCTeMa JBOMIHBIX Kybos M, = {Q € D, : Q C w}
obJ1afaeT CIeyIoNuM CBORCTBOM: JIJIsi JII0OOr0 JIBOMIHOrO Kyba () € M,
naitaercs Ky6 Q(x;, r;) taxoit, uro Q C Q(xy,7;).

[Tokazkem, uTo moboro Kyba Q € M, BepHo

/f(x)\/det(dgo(x)dgp*(x))dx:/ds / fuw) dH"™(u).  (6.9)
Q Rm ~H(s)NQ

HeiicrBurenbro, dukcupyem @ € M, ky6 Q; = Q(z;,r;) D Q, u gomy-
CTHM, 9TO

rank dp(y) = rank (axkaim (y), - %(Zy)) =m

Ui BeexX y € ;. Ompenennm oTobpakeHnue g:

Qidx=(z1,..., 1) D (x1,..., Tp_m, o(z)),

rje «9acTh @(x)» cocTaBIeHa U3 KOOPAUHATHBIX (DYHKIWH @1, . . ., @, Ta-

KM 00pa3oM, 9ToObI g 06110 Juddeomopduzmom Ha ();. Torma paBeHCTBO

(6.9) crenyer nz dopmyner (6.3) npu U = Q; u f = xof.
[Ipocymmupyem pasencrso (6.9) no secem @ € M,,. Tloayunwm (Hamo-
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vunM, aro M, = |J @)
QeEM,

/f )/ det(dp(2)dg (@ /f )/ Aet(dp(@)dp (2) da

QEMn

Z/ds / Flu) dH™(w)

QMo g
_ / ds / £ (u) dH " (w).

R™ e~ H(s)NM,,
[Tepexojs K npejesy npu n — oo, noiaydaeM (OBOCHOBATH TTEPEXON)

/f(x)\/det(dgp(x)dgo*(x))dx:/ds / fuw) dH"™(u). (6.10)

Rm e~ H(s)Nw

[Tepexons k npejeny B (6.10) 1m0 MoCI€0BATENBLHOCTH KOMIAKTHO BJIO-
YKEeHHbIX obacrell wy € wy € ... € U, ucuepnsiaromeit U: U = |Jwy,

nosydaeMm (6.10) ¢ U BmecTo w.
st okoHuanus jokazarerbcTBa (opmynsr (6.3) ocraercs moKasaTh,

qTO
/ds / dH* ™ (u) = 0. (6.11)
R p~H(s)NZ

HoxkazarenbeTBo cooTHoIeHnst (6.11) CoMepKUTCS B CIEYIONHIX YTBEP-
YKJICHUSX.

6.7. JIEMMA. IIycre W — orpanmuennas obuacrs B R, o : W —
R™ — orobpaskenne knacca C1(W), umeromee rank(dy(x)) = m u yuo-
BJerBopsitoriiee  yeaosuto Jlummrmaia ¢ mocrosaaoi Lip(v).  Iycrs eme
A C W — H*-usmepumvoe mroxectso taxoe, uto HF(A) < oo, m < k < 1.
Tora cnpaejnBa caegyroIast OIleHKa

/ P (7 () 1 A) dH(s) < (Lip(e))"mm gk 4),

Wk

JTOKABATEJILCTBO. 3ameruM, 9T0 (DyHKIUsI
R™ 5 s = H"(p(s) N A) (6.12)
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‘H™-n3mepuma. B cumy 3amadnm 2.6 10CTATOIHO pacCMOTPETh Caydail KOM-
nakTHoro muoxkectsa A. amee, ecin A kKommaxTao u t > 0, TO

{s e R": Hk_m(¢_1(s) NA) <t} = ﬁ Vi,

j=1

rjae Muoxecrso V; cocrout us seex Takux rouek s € R™, uro MHoxecTso
¥~1(s) N A mmeer konedHOe OTKPLITOE TOKpPBITHE P Takoe, 4To

1 _ 1
diam F; < — jadg Bcex E; € Pu Lh—m Z (diam Ei)k_m <t+ -.
] 2k E;eP ]

Herpynuo mposeputh, uto Kaxkjoe MHOKecTBO Vj oTKpbiTO B R™. (I10-
YEMY?)
Dukcnpyem j € N. Tlo onpegenennio meput H5 (A) cymecrsyer cucrema
j
muOKecTB { F; }ien Takas, uro diam F; < %, ACU Ein
ieN
W

o 2_(diam E)<H

teN

1, 1
(A)+;:’H (A)+j'

S R

Bes orpanndenunsi oOIHOCTH MOYXKHO CUMTAThH, YTO BCE MHOXKECTBa F); KOM-
MAKTHBI.
Paccmorpum orobpaxkenne ¢|g,. Torma,

(8

Ey)NA=y ' (y) NANE;

j
st Beex y € Y(E;) ui € N B cuity usoguaMeTpuaeckoro HepaBeHCTBa
(cM. meopemy 2.12) u JIMIIIUIEBOCTH OTOOPAsKEHNUsT 1) NMeeM

W™ ((Er) < 2 (diam ()" < wm<Li2r;(w>)m
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OTcrona BBIBOIUM

/Hk (o (s) N A) dH™(s)

<Z/%km s)NANE)dH™(s)

1€N R™

(dlamE)k "H™ (Y(E;))
1€N

) wk_mwmé%ipw»m Y (diam E;)*

1eN
< Wk—mWm (Lip(¢) )m

< S

(H’“(A) - 1)

J

Monoxum g;j(s) = HE (¥ ~1(s)) n sokaxem, aro

*

lim [ g;(s)dH™(s) = /Hk_m(¢_l(s) NA)dH™(s). (6.13)

j—00
Rm Rm
Heitcreuresbho, ¢ ojpuoit croponbl g;(s) — HF™ (¢~ (s)NA) npu j — oo
st Beex s € R™ ) a, ¢ apyroii croponbr, dynkius (6.12) usmepuma. o

OTIPEJICTCHAI0 MHTETPAJIHHON HOPMBI CYIIECTBYIOT H3MEpUMbIe (DYHKIINH
h;(s) Takune, 1o (IIOYEMY?)

9i(s) < hi(s) <H (w7 (s)NA) m

*

[ri ) < [ gy ars) +

R™ R™

— /1S BCeX J.
J

Orciona lim hj(s) = HE™(¢p71(s) N A)  nas seex s € R™ u

i gj(s) dH™(s) < / hi(s) dH™(s) < / g:(s) dH™ (s) + %

[To semme @ary momyaaem (6.13). (OBOCHOBATB!)

o8



6.8. BAJTAYA. B ycnoBugax jsemMMbl 6.7 MHOXKECTBO

Y (s)N A
HE~m_yzmepumo ais H™-noutu Beex s € R™.

Iycts U — orkpbitoe maokectBo B RF a ¢ : U — R™, m < k, —
oTobpazkenue kiaacca C'. O603HAYNM CHMBOIOM Z MHOMKECTBO BBIPOZKIC-
HUST

{z € U : det(dp(z)de*(z)) = 0} = {z € U : rank(dp(z)) < k}.

6.9. JIEMMA. /liss otobpaskenns ¢ : U — R™, m < k, kmpacca C*
crpaBeinBo pasercTpo (6.11):

/ ds / dH*" (u) = 0.

R™ p~H(s)NZ

JOKABATEJILCTBO. [ocTaTovHo JOKA3aTh JEMMY JIJIS IPOU3BOJILHON KOM-
MaKTHO BJIOYKeHHO obyiact w € U u orobpaxkenus ¢ : U — R™, m < k,
kaacca C'. BaMeTnM, 4T0 MHOXKECTBO Z 3aMKHYTO KaK MHOYKECTBO HYyJIeil
nerpepbisroit bymukiun Jp, (2, @) = +/det(dp(z)dp*(z)).

Qukcupyem € > 0 u paccmorpuM oTobpaxkenus 1 : w X R™ — R™ nu

7 RF x R™ — R™, onpejesenmble CIeoyONIM 06pa3om
Y(z,8) = p(z) +es, w(z,s)=s, zecR scR",

U3 smux onpejiesieHuit ciieryer, 4ro
1) ¢ — aunmmneso orobpaxkenue, u Lip(¢) = Lip(p) + ¢
2) di(z,5) = (do(2); € E) (k+m)xm, A€ E — equnnanag (m X m)-MaTpuia;
3) di(z,s)(v,w) = dp(z)v + cw, v € R¥, w € R™;
4) rank(dw(x s)) = m js Beex (z,s) € U x R™;
) Tt (2, 8)) = /T @D, )0 (2, ) = /AR AT () T =

‘E)
13 JII/IHIHI/IHGBOCTI/I orobpaxkenwus 1, paserctsa det(dp(x)dp*(z)) = 0

5

B TOYKaX MHOXKecTBa Z, u 1), 5) BbITeKaer
Tn((z, ), 9)* = det(dy(z, s)dp*(z, 5))
< e¥ 4 2D (Lip(p) +¢)? + ... 4 2(Lip(p) + )2 Y 4+ 0,
OTKYJIa CIIEJIYET, YTO
Tul(,5), ) = /T (@, ), ) < em(Lip(g) + )"
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Otcrona n 3 geMMbl 6.7 UMeeM

m(Lip(p) + &)™ Lw, H"(Z / TIn((z,s),v)dz ds
ZxB(0,1)
= / dy / dH" (u)
N(ZxB(0,1))

/cdy/ dw / A (u),

w) =1 (y)N(ZxB(0,1))

rie ¢ = - wmwm 3aMeTnM, 4To
mHw) Ny~ y) N (Z x B(0,1)) = ¢~ (y —ew) N Z.
[TosTomy
/cdy/ dw / A" (u)
W)= (y)N(Zx B(0,1))
=c / dy / dH™ (w / dH"™ (u).

Hy—ew)NZ

[Tpumenss 3ameny s = y — cw U TeOpeMy CDy61/IHI/I, MOy YaeM

/ dy / dH™ (w / dH " (u)

Ly—ew)N

=c / ds / dH™ (w / dH"™ (u)
:c/ dH™ (w /ds / dHE™ (u
B(0,1)
= cwm/ ds / dH*~ (

Taxum obpaszom,

/ ds / A (w) < em(Lip(p) + &)™ 1A gk ( 7)
w
R™ p~(s)NZ ¢
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nuist Bestkoro € > 0. CreoBaTesibHO,

/ ds / dH*" (u) = 0.
Rm e~ (s)NZ

6.10. 3AJAYA. Ilyctb M C R" — k-mepnoe muoroobpasue B R" ¢
k-meproii Mepoii Xaycnopda HFLM wa M, a N C Rl — m-meproe MHO-
roobpazne B R ¢ m-mepuoit mepoit Xaycaopba H™N wa N, k > m.
Onpegenurs koabduipent Koroman Jp,(z, ), ¢ € M, orobpakenusi
0 : M — N xnacca C' u HAIHCATD COOTBETCTBYIOMLYIO (POPMYITY KOILIO-
TIa,I1.

ITyemo f : M — E — usmepumas dynxuua, 2d0e & — npouseosvroe
6anazvoso npocmpancmeo. Tozda ecau f(x)Tm(z,©) HF-unmezpupyema
na M, mo cnpasedauea popmyaa

/ f(@) Tz, ) de = / dH™(s) / f(u) dH"™(u). (6.14)

N p1(s)

YKABAHUE. Paccmorpers B kadectse Koadduipenta komiotan J,, (x
senmanny +/det(dp(z)do*(z)), tae do(z) : TM, — TN}, — audde-
pennuan orobpaxenus ¢ : M — N. Ilepeiitn B JOKAJIbHBIE CHCTEMbI
KOOPAMHAT, CBECTU 3a/1a9y K Teopeme 6.3, a 3aTeM JBaKIbl MPUMEHUTDH
opmyny mromaIN.

CXEMA PEWEHUSA. [lycrs (U, ¢) u (V) x) — JoKaJbHBIEC MapaMeTpHu3a-
i M u N taxue, aro cyneprioznmns & = x oo nmeer cmbica. O6o-

snaanm y = 971 (z). Paccmorpum B KavecTse KoadbduimenTa Kommoma,m

V/det(d(poip(y))d(por))* (y))

I (z, ) BeUUMHY [Ipumensiss popmyity maoIa-

a1, umeeM Jn, (&) - T(x) = Tm(p 0 1). Ilepexonst B TOKATBHBIE CUCTEMBbI
KOODJIMHAT, TTOTyIaeM

ko TIm(@ o) 2
/jm ) dH 7.0 ———J(¥)dH

= /jm(SO 0 V) Ti-m () dHF = /jk—m(¢)j(x)jm(§) P

1 puMeHsieM (hopMyJIy KOILIOma u K oToOpaxKennio €. Pacemorpum ciry-
Yaii, KOrja MHOYXKECTBO BBIPOXKICHUsT KOI(DPUITHEHTa, KOILIOMAIN £ IIYCTO.
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BameruM, 9ro BesudIuHa Jk—m (1), y) — aKOOHAH OTOOPasKEeHUsT MHOXKECTBA
YPOBHHA |(poy)~1(p(z)). LOTAA, NPUMEHSA JBa pasa (OPMYITy IIIOMA/IH,
noJjiydaeM TpedyeMblil pe3yJibTar.

O6mmit ciyuait, korna Z # (), mepexogoM K JIOKAJLHBIM KOOPJIUHATAM
PACCMATPUBACTCS AHAJOTHYHO cUTyarmu ¢ @ RF — R™.

7. DJIEMEHTAPHAS TEOPEMA ['PUHA — TAVCCA —
OCTPOI'PAJICKOTO — CTOKCA

B cucreme koopamnar (zy,...,T,) dopmy w € FF(U) crenermn k ma
orkpbiToM MHOKecTBe U C R” kmacca C" MOXKHO 3almicarh B CIELYIOMIEM

w(z) =Y as(z)dey, (7.1)
J
rie ay € C(U), cymmupoBanue ujiet o Beem Habopam J yHIOpsIOTeHHBIX
HATYPaJIbHBIX CUMBOJIOB 1 < 21 < ... <z < n,adzry; =dz; N...Ndz;,.
Omneparust gnewnezo duddepenyuposanus B KOOpauHATAX (T1, .. ., Ty)
OIIPEJIeNISIeTCS KaK

BUJIE:

= Zdaj(x) Adx g, (7.2)

rie day(x) = Z 9ay 'dz; — nepsbiit quddepennuan Gpynknun a,.
1=1
7.1. CBOVICTBA OIEPALIMM BHELIHETO JUOPEPEHI[MPOBAHIS.

1) Ecn w € F¥(U), To dw € FFHNU), r > 1.
2) ()\1(,01 + )\2&)2) = )\1d0.)1 + )\QdCUQ
3) d(w* A w!) = dwk AW+ (—1)FwF A du
4) d*w = (dw) = 0 (Dopmysna Ilyankape).
6) Onepauprﬂ BHEIITHErO JIn(b(pepeHIupoBaHisi HE 3aBUCHT OT BhIOOPA

CHCTEMBI KOODJIMHAT.

7) Ecin w ¢opma crenenn k va n-mepaom maoroobpaszun M, (U, p) —
JIOKaJIbHAST CHCTeMa KOODJHMHAT B OKpecTHOoCTH TOuknm r € M, to st
BeKTOpOB &1, . . ., Erp1 € TM, onpenernm

w(@) (&, .o 1) E d(o Wb, . D). (7.3)

Hamomunm, uro ¢.& = Do(z)(&;).
[IPOBEPUTD, 4TO omepanus BHOITHEro JuchhepenupoBanms e 3aB1-
CHT OT BBIOODA, CHCTEMBI KOODIHHAT.
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CoBepIIeHCTBO ¥ rapMOHUSA (POPMYJIbI

o= [w (7.4)
M OM

CTOJIb OUYEBUJIHDI, UTO OMPABJIAHBI BCE YCUIINS, 9TOOBI TPUIATH CMBICT BCEM
BXOJSIMM B Hee obbekram. Eciu M — 310 orpesok [a,b], B koropom
YKa3aHO, UYTO TOUYKA, HAIIpUMep, a HadajbHas, a TOUKa b Komeunas, F' :
M — R — dyukmusa kracca C1, dF — ee quddepennuan, To n3BecTHA
dopmysa Heorona — Jleitbnuna:

/f@Mx:F@—Fm)

MMeeT CJIeJIYIONLYI0 UHTEPITPEeTAINIO:

/ﬁpiﬂ@@,a /F:F@—F@,
M a

oM

rae OM — 310 Kpait MHOrooOpasus M, Ha KOTOPOM HHIYIHPOBAHA OPHU-

""" B TOUKe a.

enrarus: "+" B Touke b n

[Iycrs Tenmeps rpanuima QU orpaHAYeHHOr0 OTKPLITOrO MHoxkecTsa U —
rTaIKoe MHOroobpasme pasmeproctn n — 1. Taknm obpazom, M = U —
MHoroobpasue ¢ kpaeM. Dukcupyem opuentaluio B R" u 6azuc ey, .. ., e,,
coryiacoBaHHblil ¢ opuentanueit. Torga B cucreme koopauHat (xy, .. ., T,)
n-dopma w Ha M Moxer ObITh 3amucana B Buje w(z) = f(z)dzy A... A
dz,. OmupenenuMm B 3TOM CJIyUae UHTErPaJ OT W MO OPUEHTHPOBAHHOMY

MHOro00Opasunio M kak mnarerpaJ ot pyukunu f mo MmaOX)ecTBy U:

/w:/f(a:)da:.
M U

[TocMoTprM Kak MOXKHO HOJIYIUTL TO YK€ caMoe 3HaUYeHHre WHTerpajia OT
(bopMBI B Ipyroii cucTeMe KOOPAMHAT, UMes B BUAY IPOBEPUTDH BIOCE]-
CTBUM KOPPEKTHOCTHL OIpejiejieHust uarerpaJa or (gopmbl. Ilycrs 3asa-
Ha JIpyrast cucreMa Koopauaar (yi,...,yn), y = o(z), ¢ : U — W —
mubdeomopdusm, a 1 = ¢!, obparrbli y Hemy. Ilo dopmyse 3aMeHbl
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InepeMeHHbIX BBIBOJUM

[ f@)do = [ #w)ldet D)) dy
— sign(det D(v)(+)) / Ww. (7.5)
w

[Tockomnbky ¢ — muddeomopdusm, suak det D(1)(y) Becera moCTOSTHHBII:
+1, ecsin judppeomopdusmM coxpaHsieT opueHTanuio, 1 —1, ecyiu oH ee 00-
pamaer. Takum obpazom, coorrormerus (7.5) MOTHBUPYIOT CJIEJYOIHIi
BBIBOJ: OAA CUCTEMbL KOOPOUHAM, COTPanA0wet opuenmayuio, onpede-

AeHUE
/w déf/iﬁ*w (7.6)
M w

KOPPEKMMO, M. €. He 3aBUCUM 0M ulOOPa CUCTNEMDL KOOPIUHAM, CO2Aa-
Cco6anHOT € NEPEOHAYANDHOT.

Ecnu opuentanusa Ha oTKpbIToM MHOXKecTBe U C R" onpenensieTcs opu-
eHTarueit mpocrpancTsa R, To onpeeneHne OPUEHTAIIUN TPOU3BOTHLHOTO
MHOT000pa3ust Tpedyer HeKoTopoit (popmasuzannu. st oObsacHeHus 110/1-
XO/Ia PACCMOTPHUM B Kaxk 10t Touke z € U kacaresbHOe pocTpancTso 1'U,,
KOTOPOE KAHOHMYECKUM 0OPa30M MOYKHO OTOXKJIeCTBUTH ¢ R": 15 3TOro
HAJI0 «MTPUKPEMUThY B KaXKJIOH TOUKE T 9K3EMILIIp nmpocTpancTa R, Ko-
TOPOE TapaJIeIbHO CABATAETCS Tak, 9ToObI TouKa () coBMaja ¢ TOYKOH T.
Kak m3BectHO, opuenTanus Ha R" — 370 (pUKCHPOBAHHBIH KJIACC SKBUBa-
JIEHTHOCTH GA3WCOB, KOTOPHIC MBI OOBABIACM <IOTOKUTEABHBIMIY.. [lo-
HSTHO, 4TO TIPU MapaJijieJIbHOM CJBUI'e BEKTOPOB Dasuca npocrpaHcTra R
3 Touku 0 B TOUKY T €ro OPUEHTAIMS He MEHSETCS U, TeM CaMbIM, Da3uc
B T'U,, NONy4YeHHBII TMapaJieJIbHBIM TEePEeHOCOM U3 Da3uca MpOCTPAHCTBA
R™, onpenensier opuentannio B 1T'U,, KoTopast corjacoBaHa ¢ OpUeHTAIU-
eil B coceJlHnX TOUkKax. Takum obpaszom, kaxkjomy Oasucy B T'U, MOXKHO
COMOCTABUTH 3HadeHWe +1 mam —1 B 3aBUCHUMOCTH OT TOTO, COTJIACOBAH
OH ¢ BBIOpAaHHON opueHTanueil wiau HeT. TakuM 00pazoM, MBI MOJTyYaeM

131ech cremyer OTMETHTDH, UTO ¢ MATEeMATHYIECKON TOYKH 3peHHs HeT HHKAKOIO KAHOHHIECKOTO
[PABUJIA CIYUTATH JTAHHBIN OA3UC TTOIOKUTEIBHBIM UJIU OTPUIATEIbHBIM, & €CTh JIUIIb CIOCO0 — 3HAK
OTIPeIeSINTEIsI MATPHUIBI MEPEX0a OT OJHOro Ha3mca K APYroMy — CKa3aTb, 9TO JBa Oa3uca copu-
E€HTUPOBAHBI OJIMHAKOBO WJIM MTPOTUBOIOIOXKHO. Y TIOTPEOIsIeMble HHOTIA MPABUIA: «ITPOTUB YaCOBOM
CTPEJIKUY» WJIN «IPABUJIO OypPaBUNKA Y, TPUIILIN B MATEMATHKY U3 (DU3NKHU, T/I€ TAKON BHIOOD OPUEHTA~
uu uMeeT (PU3UIECKUl CMBICI.
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bynKIMIIO
0: (z;{vy,...,vn)) = {—=1,+1}, (v1,...,v,) —6asuc 8 TU,, (7.7)

KOTOPasi 00J1ajaeT OJHUM OYEBUIHBIM CBOMCTBOM: (hyHKIHMS 6 HEmpephiB-
Ha MPU HENPepbIBHON JIedopMaIiy, Tak KakK MPHU TaKOM ITIPOIEcce MbI He
MOKeM 0e3 pa3pbIBa MOMEHATh OPUEHTAIINIO Ha TTPOTHBOMONOXKHYI0. Dop-
MaJIu3allis BhIpayKeHUsl «HelpepbiBHas jiepopMaliyst 0a3nucay MOXKeT ObITh
pean30BaHa CIeAYIOMNUM 00Pa3oM.

Dukcupyem muoroobpaszue M C R pasmeproctu n < [ u paceMoTpum
COBOKYIIHOCTH BCEX Da31COB B KAcaTeJIbHOM MPOCTPAHCTBE 9TOIO MHOI'000-
pas3us BO BCEX €0 TOUKaX:

BM = U (v1,...,0n), TOE (V1,...,0,) — Basuc B TM,.  (7.8)
TEM

Tax kak M C R, a T M, uzomopdio R*, 1o BM ecrecTBenHbIM 06pa3oM
BRI IbIBacTCs B RE X R" x--- xR":

n}?ﬁ
(z; (v1, ..., v0)) = (2,01, 0n) ERVX R X -- - x R,
ngs

Mpr naaymupyem #a BM MeTpuky u3 00BLEMIIONIEr0 IPOCTPAHCTBA. a-
KM oOpazoMm, BM cTaHOBHTCS METPHIECKUM MPOCTPAHCTBOM H, CJIEI0Ba~
TeJILHO, OTPEJICJICHO MOHATHE «OJIM30CTHY MEXK1y Daszucamu B pa3/InuHbIX
KacaTeJbHbIX MPOCTPAHCTBAX.

7.2. ONPEAEJEHUE. Opuenmauueti na M Ha3bIBAETCS BCAKAS HEIIPe-
phIBHAS (DYHKITUST

0:BM — {—1,+1},
HeYyeTHasd M0 KaXKJI0i BEKTOPHOW MepeMeHHO:
O(z; (€101, ..., €nUn)) = €1 ... - 0(x; (V1. .., Up))
JUI BCEX €1, .. .,&, € {—1,+1}.

7.3. [IPUMEP. 1) O-mepHOEe MHOrOOOpa3we COCTOUT U3 KOHETHOTO Ha-
Oopa TOUeK, KaxKJ0i U3 HUX COMOCTaBJIsIeTCs 3HadeHue jinbo — 1, jubo +1.

2) Jliobas pyra opuentupyema (©OPMAJIM30BATH ONPEIEIEHUE).

3) 0(z; (v1,...,v,)) = signdet(vy,...,v,) — cTaHZAPTHAST OPUEHTAIMST
Ha R".
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4) (z; (v1, ..., vp-1)) = signdet(z,vy,...,v,_1) — CTAHJAPTHAS] OpH-
eHTaIns eJuandHoi cdepnr B R”.

5) f = (fi, -y fack) : R* — R*™* — orobpaxenne kracca O Takoe,
uto rank Df(z) = n — k Bo Bcex Toukax x € f~1(0). Torma f~1(0) —
MHOrooOpasue pa3sMepHOCTH k U ero OpUeHTALUsl ONPeIe/IseTCs 10 paBU-

J1y
O(z; (v1,...,vx)) =signdet(V fi(z),..., Vfi(z),v,...,0),

e ¢ € M, vy,...,v, € TM,, a Vfi(x) — rpaguent KoopjnHATHOM
bynxupun f;.

7.4. ONIPEJEJEHUE. Muoroobpasune M, dim M = k, nasniBaercs
OPUEHMUPOGAHHBLM, €CIN Ha, HEM 3aJaHa OpueHTalus 6.

Bazuc (vy,...,v;) B TM, HasbiBaeTCsi OPUEHTHPOBAHHBIM [TOJOKH-
TesbHO (oTpunaTenbho), ecin O(z; (vy, ..., vk)) > 0 (0(x; (v, ..., vE)) <
0).

Hudpdeomoppusm f : My — Ny ABYX OpHEHTHPOBAHHBIX MHOIO0D-
pasuii coxpanser opuenrtanuio, ecin auddepennnan D f(x) nepeBogur
6a3mMCBl KacaTebHOro mpocrpancrsa 1M, B 6a3hChl KACATEJLHOTO IIPO-
crpancrsa T M g,y TOro ke HauMeHOBaHMs.

7.5. ONPEAEJEHUE. IIycts M C R' — n-meproe muOroobpasne c
kpaeM OM, u 0 — opuenrtanus vHa M. Hndyyuposannan opuenmanus
0" xpass OM onpenensierca no ciaegyomeMy npasuiy. B Ttouke x € OM
Bo3bMeM BekTop v(x) € T M., nanpasienubiii Hapyxky: ecan v(x) = ¥(0),
rae v : (—¢,¢) = R, 4(0) = , — rmagxaa kpusasd, o v((—0,0)) C M
17151 HekoToporo o > 0. OnpegennM HHAYIEPOBAHHYIO OPUEHTAIMIO Kpast
KaK (DYHKIINIO

0 (z; (v1, ..., vn1)) = 0(z; (v(z),v1,...,00-1)) (7.9)
JUIST U1, ..., Up1 € TOM,.

7.6. BAJAYA. JlokazaTh, 9TO HHIYITUPOBAHHAs OPUEHTAIIS OIpeieie-
Ha KOPPEKTHO, T. €., He 3aBHCHUT OT BBIOOpa BEKTOpa (), HATIPABIEHHOTO
HAPYKY.

VKABAHUE. Paccmorpers B touke z € TOM, nsa Bektopa v(z) u
w(z), HATIDABJIEHHBIX HAPYXKY, U MOKA3aTh, UTO JIIOOOH BEKTOp vi(x) =
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tv(z) + (1 — t)w(z), t € [0, 1], Takxke HampaieH HapyXky. Torma B cuiy
HempepbIBHOCTH (DYHKIUU f mosrydaeM

O(z; (v(z),v1,...,05-1)) = O0(z; (w(z),v1,...,0,-1)),

dTO U JOKa3bIBaeT KOPPEKTHOCTDL OIIPEICJICHUA.

7.7. BAIAYA. okasarh, 3amkuyThiii map B = B(0,1) C R" — n-
MepHOe MHOroobpasue ¢ KpaeM, ero kpait — cdepa S = S(0,1) C R" u
MHIYIIPOBAaHHAs OPUEHTAIUs Kpas COBIAJAET CO CTAHJIAPTHOI OpHeHTa-
nueit cpepsl.

7.8. 3AJAYA. IlycTh 3a7aHO n-MepHOE OPUEHTUPOBAHHOE MHOT000-
paszue M C R" ¢ kpaeM, TEOPETHKO-MHOXKECTBEHHAS TPAHUIA KOTOPOro
comasiaer ¢ kpaem OM. Torga cymecrsyer dyukius g : R — R kiacca
C', no kpaitHeii Mepe, Takas, 4TO

1) g71(0) = oM,

2) Vg(z) # 0 B Toukax € OM,

3) g <0na M\OMunu

4) g > 0 Bue M.

[Ipenmonoxum Teneph, To Kpait 0 M Mmuoroobpasus M — 310 moBepx-
HOCTH ypoBHA dyHKINN ¢ : R” — R xmacca C! Taxoit, uto

1) 7(0) = IM,

2) Vg(z) # 0 B Toukax = € OM,

3)g<0ua M\OMu

4) g > 0 Bue M.
Takum obpasom, rpajguent Vg(z) neprneHuKysisipeH KacaTeJabHO M1oc-
koctn TOM,, m nanpasien Bue mMHoroobpasuss M. B cuiy menpepbis-
HocTH rpajgueHT Vg(x) Oyger TakKe OTJIUIHBIM OT HYJs U B HEKOTODOi
okpecrnocTn Mmuoroobpasust OM. Torga st orpunATEILHBIX ¢, 1OCTATOY-
HO OJU3KUX K HYJIIO, UMEEM

def
M, = {z:g(x) <t, Vg(z)#0 ana g(z) =t} C M,
npuueM rparuia 0M; — MHOroobpasue pasmeprocT n — 1.
Paccmorpum na M BrHemnmHioo (opmy w crenenn n — 1 Kiacca .7-—{‘_1.
meem

d((g —tw) =dg ANw+ (g — t)dw. (7.10)
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[Tockomnbky (g — t)w paBHO HysH0 Ha OM;, TO MO Teopeme PybuHE TOITY-
qaeM

/d((g — t)w) = 0. (7.11)

M
JIOKA3ATEJIBCTBO PABEHCTBA (7.11). Wmeem dopmy w crenenn
n — 1, ko3 dunreHTs KOTOPOoil HepepbiBHO jirud depeHIupyeMbl BO BHY-
TPEHHUX TOUYKax KoMmmakTHOi obsactn U &€ R" HempepblBHBI BILIOTH JI0
TPAHUIBI W PaBHBI HYJIO Ha Tpanure. Hajo mokazaThb, 9TO I TaKoi

opmbl
/dw = 0.

U
n

Bamerum, uto ecin w = »_(—1)"ta;(x)dry A ... A dz; A ... A dz,, TO
i=1

" Oa:
dw =5 5 “(x)dz1 A ... Adz,. TlosToMy HOCTATOMHO H0Ka3aTh, H4TO
i=1 0%
8ai
r)dr =0 7.12
@ (7.12)
U
Juis oboro dukcupoBanuoro ¢ = 1,...,n. Ilo reopeme Oydbunu mmeem
da; da;
“(z)dr = / dy/ “(y, z;) dz;,
axl
Pr;U R

rie = (Y, z;), Pri(x) = y — NPOCKTUPOBAHNE BJOJb 3-0if KOMIIOHEHTHI.
st mpoepku (7.12) n0CTaToqHO JIOKA3aTh, YTO

8ai

&Ei
R

(y,x;)dx; =0 (7.13)

st (n — 1)-nourn Beex y € Pr;U. @ukcnupyem y 1 paccMOTPUM Tiepece-
aenve V = {z; : (y,z;) € U} C R. D10 mepecedenne 0OTKPHITO U MOITOMY
MPEeJICTABUMO B BUJIe OOBLEMHEHUs He 60JIee UeM CYETHOH COBOKYMHOCTH

An3bIoHKTHBIX nnTepsanos: V = (a4, B;j). Tlockonbky
J

/gal yaxz dxz Z / aal yaxz dxz;

R (aj,8;5)
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T0 Jiyis ipoBepku (7.13) moctarouno mpumeHuTh hbopmysty Hbiorona —
JleitOHMIIa K KaxKJIOMYy CJIaraeMoMy:

804

8—%(3/7 -Tz) de; = al(ﬁj) — a’i(aj) =0,

(aj,535)

nockonbky a;(5;) = ai(ej) = 0. O
3 (7.10) u (7.11) BoBOIEM

/dg/\w:—/gdw:—/(g—t)dw—t/dw

M M M M
/ = /(g — t)dw
My

BorunTasi 13 BepXHEro paBeHCTBa, HUYKHEE, T0J1yIaeM

/dg/\w:— / (g—t)dw—t/dw. (7.14)

M\M; M\M; M

Banutiem GoOpMy w B CIEIYIOMIEM BHJIE:

n

w= Z(—l)i_lai(az)dazl A Adzi A Adz,

1=1

Torna

— 0
dg/\w:Zag(m)ai(:ﬁ)d:ﬁl/\.../\dxi/\.../\dxn.

[Ipeobpasyewm sesyio dacth (7.14) no dopmysie Koriomam

/dg/\w— / Zzaxl =

M\M,




(|Vg(z)| e pasen nymo na M \ M; npu t mocrarouno Giuskom K 0).
Obo3HavasT CIMBOIOM

5) = (o) m(@)) =99 (20,2 0)

HOPMUPOBAHHBIH rpajuent, u3 (7.14) u (7.15) momxydaem (IIPOBEPUTD!)

] /Z ) Tl = [org [ -t
t g-1(s) M M\M;

[Tepexog B mocieneii opmyie K npegeny npu t — —0, umeem (MTPOBE-
PUTH!)

/ dw = / > ni(z)ai(z) dH" (). (7.16)
M o

Papencrio (7.16) MoTuBHpyeT ciiejytoliee onpejejenne nHTerpasia or ¢hop-
MBI W IO MHOroobpasuio O M:

oM

MPW yCJIOBUM, 9TO HOPpMaJib K Kpaio M wmuoroobpasmst M Hamnpapiiena

HAPYXKY.
[TocMOTpUM KaK BBITHCISITH PaBYo 4acTh paBeHcTsa (7.17). Pacemor-

g

| Y ntwate) e (7.17)
o) =1

puM B Touke £ € OM HekoTOpyIo JoKasbHyto cucremy Koopaunar (U, )
TaKyIo, ITO

1) ¢ : U = W — muddeomopdusm,

2) p(UNOM)=WNn{zx eR": z, =0},

eUNM)=Wn{zeR":2,<0}n

4) p(z) = 0.

OpuentupyeM mpocrpanctso R"! tak, 4ToObI 6a3uc ey, . .., e,—1, CO-
rJIacOBaHHbIN ¢ opuenTanueil R, obsaa cIeLyommM CBOicTBOM: 6a-
3UC

€n,€1y...,€En-1

opuenmuposan kax R". Takas opuentannst R* ™ cosmamaer ¢ undyyupo-
sannoti m3 R". MOTHBHPOBKA TAKOTO OMPEIEICHNAsT COCTOUT B TOM, ITOOLI
sexTop D~ 1(0)(e,) ObLT HApABIEH B TOXKe MOJYIPOCTPAHCTBO, YTO M
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n(z) npu ycnosun, uro det Dp~1(0) > 0. O6oznauas ¢ = o~ ! nomyuaem
caeLyomyio hopMyJIy I BbIYUCICHUST

/ S mi(w)as(u) dH (u)
vnom =1

= [ n@)aliw) A i) Diw) du. (7.15)

oUnam) =t

Koopaumatsr BekTopa HOpMasn 1;(1)(w)) HAXOAATCS Kak aaredpaniecKue

JOITOJTHEHU A Al, ey A?’L K 9JIeMeHTaM €1, ..., €, B CUMBOJIMNYCCKOM OIIpeIe-
JINTEJIE
eq Y .. 0U
1 8’11)1 awnfl
i i _ E
det e'L awl Lt awn—l — Alel,
. . cen . =1
\ e % .« .. M
n 8’11)1 awnfl

KOTOPBIE He0OXOMMO opToHopMupoBaTh: 1;((w)) = A;/\/ A2 + ... + A2,
BameruM, uto o teopeme Bure — Komumn (cm. Teopemy 4.4)

VA + .+ A2 = /Aot DY (w) Di(w).

Kpowme toro, Mmoxx#uO nposeputh ([IPOBEPUTH!)

Z Aij(w)a;i((w))dwr A ... A dwy—1 = P w.
i=1

TakuMm 0Opa3oMm, IMpu BRIOPAHHOM HAIPABICHHN HOPMAJK MBI MOJIYUIAEM
JIBE BO3MOYKHOCTH JIJIsl BLIYUCACHUsI UHTEerpaJsa (popMbl W HA OKPECTHOCTH
U N OM wmmoroobpasusi OM B KoopawHATaX, CONIACOBAHHBIX ¢ OPUEHTA-
IAeH:

[ o= [ Sawemar-w= [ we @

UNdM vrom =1 o(UNOM)

13 dopmyabr (7.19) numeem caeyomnmii 3aMedaTebHbIN BHIBOJL: HHTErDaJ
B nipaBoii qacru popmyssr (7.19) He 3aBHCHT OT BEIGOPA CHCTEMBbI KOODJIH-
nar. CreoBaTesibHO, mpaBast 9acTh GopMyJibl (7.19) MoxkeT ObIThH B3sITa,
3a oIpejeaeHne (popMbl IO MHOT00OPA3HUIO:
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7.9. ONPEAEJEHUE. Ecin w — menpepbiBHag (opMma crenenu k Ha
k-mepHoMm opueHTHpoBanHoM MHOroobpasuu M C R, To B cucreme Ko-
opaunar (U, o), corsiacoBaHHoil ¢ opreHTanueii

/w— / rw. (7.20)

Unom e(UNOM)

Cucrema koopaunar (U, @) coryacoBata ¢ opuentaiyeil ecin guddepen-
)

nnas do(x)|ram, nonoxuresnbhbie 6asuch B T M, nepeBojuT B 1MOJI0KH-

Tenpabie 6asucel B TRE.

[ocnepnuit warerpas B dbopmyse (7.19) umeer criepyomuii reomerpu-
ueckmit cMbIC B ciydae w = a1 (z)dzaA. . . Adz,, p(UNIM) =V C R L

/ ¢w—Z/ V*(dzy A ... A dry,)

P(UNIM) Q€D AT 49

= lim }  a1(9(yg))(daa A ... Ady)(§7(tger), -, ¥" (tgen-1))
QEeD,

= lim Z a1(¥(yg))OV (Pr1Dy(yg)(Q)),

=0
QeD,

rjie gBondHbIi Kyd ) € D) HarsaruBaercs Ha BeKTOPHI (tgeq, . . ., toen—1) C
HAdaJIoM B TOUKe Yo, DY (yg)(Q) — obpas kyba ) npu jmHeiiHoMm oTobpa-
xernu Di(yg), Pri1 — npoexims Boms nepsoit koopaunarsi, OV — opu-
enrupoBanbiii 06bem. Tak uro OV (Pr1Diy(yg)(Q)) — opuenrtuposan-
Helil 00beM mpoeknnn napasutesennnena Di(yg)(Q) na (n — 1)-mepryio
TLIOCKOCTD BJIOJIH MEPBOM KOOPIUHATHI.

[Togsesem uTOr BhIIENPUBEAECHHBIX aprymenTon. Jlokasana

7.10. DJIEMEHTAPHAS TEOPEMA I'PUHA — T'AVCCA — OCTPO-
I'PAICKOIO — CTOKCA. /Jl1s1 KOMITAKTHOIO N-MEPHOT'0 OPHEHTHPOBAH-
roro maOroobpasns M C R" ¢ kpaem OM, Ha KOTOPOM (bUKCHPOBaHA HH-
JIYI[HPOBAHHAasT OpHEHTAIHsI, H GopMbl w € F7' _1(/\/1) crpaBeJIinBa, (pop-

mysa 7.4:
/dw: /w.

M oM

7.11. BAOAYA. Jlokaszarh OBOBIIEHHYIO TEOPEMY CTOKCA: s
KOMITAKTHOI'O k-MEpPHOI'0 OPHMEHTHPOBAHHOrO MHOroobpasus M C R” ¢
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kpaeM OM, Ha KOoTOpoM (pUKCHPOBaHA MHAYIUPOBAHHAA OPUEHTAIUSA, W
dbopumbt w € FF1(M) crpasesmusa dopumya 7.4:

/dw:/w
M oM

YKA3BAHUE: Ucnonab3oBars hopmysty 6.10.

7.12. OOPEAEJNEHUE. [Tycts M C R" — (n — 1)-meproe MHOr00Opa-
31€, Ha KOTOPOM 3a/1aH0 HEIPEePLIBHOE M0JIe eJMHIYHOI0 BEKTOPaA HOPMAJIH

n(x) = (m(z),...,nu(z)). Buemmnss dopwma

n

w = Z(—l)i_lm(x)dxl A Adzi A A dy,

i=1
3ajarHast Ha M HazbiBaeTcs opmoti obsema.

7.13. BAOAYA. Beectn u3 (7.19), uro

/ w= / dH" 1 (z) = H'\ (U7 0 OM).
UNOM Unom
7.14. 3AOAYA. [Iposepurs, uto chepe S(0,1) C R dopma obbema w,

HaliJIeHHas 110 BEKTOPY BHEIIHEe! HOpMaJiu, coBrnagaeT ¢ ¢popmoit ['aycca 6:
JLJIST BEKTOPOB U1, . . ., Un_1 € T'S, nMeeM

w(z)(vi, ..., v_1) = det(z,v1,...,0,-1) = 0(x)(v1, ...,V 1).
8. BTOPAYA JIEMMA [IVAHKAPE

[IpennonoxumM, ato w = »  w; dx; — dbopma mepBoii crenenn wa R,
i=1

n
OKazaBIIascs paBHoit df = > %dmi. OYeBUIHO, MOXKHO CUHUTATL, UTO
i=1 "

f(0) = 0. 3amerum, uro

[y

1 n

1
d [ 9f B
Ef (tz)dt = / e (tz) - z;dt = /E;wz(tx) - x;dt.
0 =

Z:]. 0
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DTO HABOJUT HA MbBICJIb, UTO JJIsI OTBICKAHUS f 110 3aJIaHHOMY W CJIeyeT
paccMoTpeTh PYHKIHUIO [w, ompeaeaseMyo PaBeHCTBOM

Tw(z) = /Zwl(t:ﬁ) - x; dt.

3aMeTuM, UTO JIJI TOTO, 4TOOBI ompejesieHre [w UMeEJO CMBICT, HYXKHO
JIUIIE, YTOOLI W OBLIO OMpeJeIeHo Ha OTKphITOM MHOXKecTBe A C R™, 06-
JIQJIAIOIIMM TEeM CBOMCTBOM, UTO BMECTE CO BCsIKUM T € A Bech nmpsiMosin-
HeHbI 0Tpe30K, coequnstionuii 0 u x, conepxkurcsa B A. Takoe oTkpniToe
MHOXKECTBO Ha3bIBAETCs 36e30HbiM OTHOCUTENHHO (. JIOBOIBHO CIIOXKHOE
BBHIUMCIICHNE TTOKA3bIBAET, UTO (HA 3BE3JIHOM OTKPHITOM MHOXKECTBE) pa-
BeHCTBO W = d([w) NEACTBATEIHHO UMEET MECTO, JIHIIbL Obl W YI0BIETBO-
PSLIO HEOOXOIUMOMY YCa0BUI0 dw = 0. DTO BBIYUCIEHUE, pAaBHO KaK 1 [w,
MOKHO 3HAQUATEHLHO ODODIIUTD.

8.1. TEOPEMA. Bcsikast 3aMKHyTasi (popMa Ha OTKPBITOM MHOXECTBE
A C R", 3Bezarom orHOCHTE/IBHO (), TOUHA.

JTOKABATEJILCTBO. Mbl onpenennm GyHKIUO [, OTHOCAILYIO BCSIKOM
dbopwme [-it cremern HekoTOpyto (opmy (I — 1)-ii crenmenu (Jiis KasKI0ro
[) rak, aro I(0) = 0 u w = I(dw) + d(Iw) mus Besikoii dbopmbl w. TIpu
dw = 0 oygem umers Torga w = d(lw). Iycrs

Tak Kax A 3BE31HO, TO MOYKHO MOJIOXKUATH

Tw(z) =

I 1
Z Z(—l)a_l /tl_lwil’_“’il (t:l?) dt L, d:l?il AVSRIWAY dazia/\. VAN da:il.
0

11<...<tp a=1

ToxpecrBo w = I(dw) + d(Iw) goKa3bIBAETCS NPSMBIM BbITHCJICHUEM.
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Hcnonb3ys npasuiio Jleitbuua, nvmeem

1
d([w) =1- Z (/ tl_lwih___ﬂil(ta:) dt) d:l?il JANWAN d:l?iﬂ‘

l n 1
; 0
> XS ([ e at)
i1<..<iy a=1 j=1 )
zi dz; A dzi, AL A dz, AL A da,.
(Iouemy Bmecto ! mogsmnocs #7) C apyroit cTopoHs,

Z Z 9z; (wiy...q) dxj A dxg, AN\ day,

11<...<ip j=1

u, npumensisi I k dhopme (I 4 1)-it crenenn dw, momyaaem

= > Z(/ (Wi, )(t:v)dt)xjdxil/\.../\ dz;,

11<...<ip j=1

Z iZ(1)a1</ltlaij(wil,...,i,)(tx) dt>><

i1<o.<iy j=1 a=1
zi dz; A dzi, Ao A dz, AL A da,.

[Tpu ciioXKeHnn MoJIyUEeHHBIX BBIPAXKEHUH TPONHbBIE CYMMbI B3aUMHO yHU-
YTOXKAIOTCS U MBI OyJIeM UMETh

1
> ( / = w;  (t) dt) dzi, A... A dzi+

'L.1< <'L[ O

Lj wz i) tx dt dl’z VANRAN d:L’Z =
Z Z(/ ]8 15 ,l)( ) > 1 l

11<...<ty j=1
<1
0

&I&

Cdzl )} dt) dz; N\ ... N\ dz; =

Zl< <1

Z Wiy,....i d:l?il JANWAN d:l?il = W.

11<...<14g
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